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1. Introduction

Introducing and studying new classes of analytic functions using operators is a classical method for conducting
studies regarding complex-valued functions. The operator used in the present study is obtained using fractional
integral, a function that has given a great number of interesting results in the last years. A nice review on the
evolution of the study related to fractional calculus can be seen in the introductory part of [1]. Many applications
of fractional calculus have appeared recently. Fractional derivative operators associated with fuzzy sets theory are
considered in [2, 3]. Another application of fractional calculus can be seen as new computations for the two-mode
version of the fractional Zakharov-Kuznetsov model in plasma fluid by means of the Shehu decomposition method
[4]. Generalized fractional integral operators are considered in the research presented in [5] and a generalized
fractional integral operator is used for obtaining Hermite-Hadamard type inequality for y -convex functions in [6].
An investigation of the sufficient conditions for the existence of solutions of two new types of coupled systems of
hybrid fractional differential equations involving ¢ -Hilfer fractional derivatives is conducted in [7]. Several
algebraic aspects of the fuzzy Caputo fractional derivative and fuzzy Atangana-Baleanu fractional derivative
operator in the Caputo sense are investigated in [8]. Atangana-Baleanu fractional integral of Bessel functions is
used for obtaining differential subordinations results in [9]. Fractional differential and integral properties of
Mittag-Leffler function are studied in [10-12].

Applications of fractional integral for obtaining new operators and defining new classes have recently provided
interesting outcomes as it can be seen citing papers published in the last three years [13-19].

Investigations for obtaining fuzzy differential subordinations involving different operators were investigated in
recent years [20, 21]. Motivated by such results, in a recently submitted paper [22], the following operator was
defined:

Definition 1.1 ([22]) Let D;’; . : A — A the linear differential operator defined by

D),/ (2)=(f*g)z)

D)5, f(2)=[1-(-8) £ *g)e)+ (1-5) (7 * g) (2),

Dy f)=[1-(=8Y b f(2)+ (=6 (D5 (). zeU,

where "1 € N.

Denote by D' : A — A,
D:,lﬁf(z): D,’:&,_/'f(z)'

DN=z+>  az' eA
If /(@) Zf:z / , then

D f()=z+ Y+ (G-1)1-6) a2z’ z ev.

j=2
We remind the definition of fractional integral:

Definition 1.2 ([23]) The fractional integral of order A (A4 > 0) is defined for a function f by
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D f(z)= l)r( 0 _a, (1.1)

Zt)

where f is an analytic function in a simply-connected region of the z-plane containing the origin, and the

multiplicity of (z—t)’l_1 is removed by requiring log(z—t) to be real, when (z—t)> 0.

Using Definition 1.1 and Definition 1.2, in [17] we define the fractional integral associated with the linear
differential operator

D)5 f
o t)(ﬂ)dt (1.2)

il B _tt)l-l ey, b _;2(;)_ oo ol

r(4)

which can be written, after a simple calculation, by the following relation

1
r(1+2)

M+i[1+(j—1)(1—5)”]”r(j+1)61221.M

D—le — :
f n,af(z) F(j+/1+l) j

b

=2
for the function f(z)=z+ Z;O:zajzj € A. We note that DZ_ZD,:”ﬁf(z)e A(/i + 1,1).

Following the ideas from [13] and [14] for this operator we introduce a new class of analytic functions and
study several aspects regarding distortion bounds, extreme points and radii of close-to-convexity, starlikeness and
convexity.

The study presented in this paper is done in a well-known environment.

Denote by U ={z€C:|z|<1} the unit disc of the complex plane and H(U) the space of holomorphic
functionsin U .

Let A(p,t)={f eH(U): f(z)=zp+2j:p+tajzj , ze U}, with A(1,1)=A and
Hla,t]1={f eHU): f(z)=a+a,z +a,,z" +...,z€U}, where p,teN, aeC.

2. Main Results
Firstly, we define the new class of analytic functions using the operator given by relation (1.2).:

Definition 2.1 The function f* belongs to the class D, (4,6, i, a, ) if it satisfies the following relation:

)PSO iz ey

‘ 21— p

<p, (2.1)

-4

D*D" fl(z ,
‘ﬂ(l—ﬂ)z jf %) w002, ) -

where 0<p<l, /1,5,a,/¢>0’ n,meN, el.
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Next, we get coefficient bounds and extreme points for functions in class D, (4,6, i, a, ).

Theorem 2.1 Consider the function f'e A.Then feD,, (4,6, u,a,B) if and only if

2 A+ G=11=6)T(+1) »_ Bla|l (a+4)
jz—z; ﬂj[ Fj(j+/1+1)r : af<,g+1_r(/1+ﬂz)- (2.2)

The result is sharp for the function F(z) defined by

Ble| _ (A+u) )y,
[ﬂ+1 r(1+2) [(j+2+1)
F(z)=z+

(2+ i+ (i -1)1-6) [T +1)

(2.3)

Proof. Consider f satisfies (2.2). Then we obtain, for |z| <1,

20— )2 P )

z

+ (D" D) f(2)) |-

D D" :
ﬂ)erﬂ(D%Dmaf( ) —a

A+u l+i /1+,u][1+] 1)(1 o ]’"F]+1 22““

r(i+2) % (]+/1+1)
B A+u Zl+i /1+/1][1+] 1)(1 ) ]’"F]+1 22”“ al<
r(1+2) % (]+/1+1)
A+u N /1+,u][1+] 1)(1 o ]’"F]+1 22”“
r(2+2) | | (]+/1+1)
d /1+/1][1+] 1)(1 o ]mF]+1 e
4 'sz (]+/1+1) T

i) Zﬂ+1)(/1+M)Ezjﬁiglfi;5)"rf(j+1)aj<o

Applying the maximum modulus Theorem and (2.1), we obtain €D, (4,0, u,a, ).

Conversely, we assume that
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‘ 21— )P it @)
‘ 20 2) ;}“D;"ﬁf()

DL

+u(D;*D)sf(2) —a

Atu +Z A+ )i+ (G -0)1-8)]'T(+1) e

r(2+2)° & r(]+/1+1) <BzeU
A+p zui A+ )i+ G-D1=8) TG +1) > s
r(2+2) 4 r(j+A+1) g
Condition Re(z)<|z|, ze U, implies
Atu +Z A+ )i+ (G -11-)Y [T +1) s
r(2+2)° < r(]+/1+1)
Re <p. (2.4)
A+ Zl+i(ﬂ+yj)l+(]—l)(l—5) LG+1) o jes
r(2+2) % r(j+A+1) g

L . DZ_AD:ZS (Z) —A ym .
Considering values of z on the real axis so that i(l—,u)—’+,u(Dz Dnﬁf(z)) is real and put
z

z —> 1 through real values, we get the inequality (2.2).

Corollary2.2if fe AbeinD, (4,0, u,a,p), then

(ﬂ|“|— (“”)jr(ﬁml)

p+1 T(1+2) - (2.5)
a, - , J22,
(e i+ (-1Y-0) [T +1)
with equality only for functions of the form F(z).
Theorem 2.3 Let f,(z)=2z and

Pl (A+p) r(j+A+1)

p+1 T(1+2) (2.6)
fi(@)=z-

Z'/, j=2,

(+ i+ (-1)1-8)] TG +1)

m,n

for 0< <1, A4,0,a,u>0, n,meN.Then f belongs to the class D, (4,0, u,, ) if and only if it can be

written as
f(2)=2w,f,(2), 2.7)
j=1

where ®; 2 0 and Z;:le =1.
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Proof. Consider f(z) written as in (2.7). Then

Bla + |
f(Z)=z—§“w [ﬂ!_lgafz))jr(h%ﬂ)
= G G-y )

z7.

Now,

i A+ i+ -1)1=6) ' T(+1)

(/’1“' (“*‘)jr(jmm h

p+1 T(A+2)

Bl (A+u) ).
(ﬂﬂ_r(mg)jr(ﬁﬂﬂ) :ia,;l_a,g

A+ g+ (G-1-8) [T(+1) 5

Thus f € Dm,n (/1553 M, ﬂ) .

Conversely, let /€D, (4,6, u,a, ). Then by using (2.5), setting

Ble|  (A+p) ).
B [ﬂ+1 r(i+2) i+ a+1) N
W, = a.,j=2

2+ i+ -1)1-oy T +1)

and @, =1- ZT:ij , we obtain f(z)= z;a)jfj(z) . The proof of Theorem 2.3 is complete.

Distortion bounds for class D, , (4,0, u,a, ) are given in the next proved result.

Theorem 2.41f feD,  (1,0,u,a,p),then

(:3|“| _(a+p) ]l‘(/1+3)

B+l T(2+2) »
oA+ 2ufi+(1-8) ] <l

(ﬂ|“|_ (Mﬂ)jFuH)

B+1 T(1+2)
2a+2pfi+(1-5) [

7’2

holds when the sequence {c;(4,5, u, 8,m,n)} _, is non-decreasing, and
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2(ﬁ|“| _(a+u) JFMH)

| \B+1 T(2+2) -
ol vy v e

2( Ble| _ (A+u) JF(/H?))

p+1 T(1+2)
(A+2u)i+(1-5)]

O-‘(//i’aé"ﬂaﬂ’man) ©
holds when the sequence {— - }j:2 is non- decreasing, where

IN
—_

The bounds in (2.8) and (2.9) are sharp, for f(z) given by

Bl +
/3|+ |1 B r(?/i +/12))JF(/7L *3)

22+ 2ufi+(1-5) [

(2.10)
22, z==r.

f(z2)=z+ (

Proof. Using Theorem 2.1, we obtain

(ﬂ|“| _(a+p) JF(AH)

B+1 T(1+2)
S\ 202w+ (-8

(2.11)

We have

2l =[e 20, <|7 ) <[zl +[2f" 2,
j=2 j=2
J= J=

Thus

(:5104 _(a+p) JF(AH)

p+1 T(1+2)
2(a+2ui+(1-8)
Pl +
( /3|+|1 B r(?/z +ﬂ2))JF(’1+3)
22+ 2ufi+(1-5) [

(2.12)

v —

r<|f(2)

2

Hence (2.8) follows from (2.12).
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Further,

Pl +
,B|+ |1 - IE?/% +“2))jr(/1 +3)

22+ 21 +(1-5) [

Zjaj < (
j=2
Hence (2.9) follows from
l—ijaj S‘f'(z)‘ﬁl—erjaj.
j=2 j=2

In the next results, the radii of close-to-convexity, starlikeness and convexity for the class D, (4,6, u,a, B)

are investigated.

Theorem 2.5 The function f € A belonging to the class D, (4,9, i, a, f3) is close -to-convex of order &,

0<%k <1 inthedisc |z|<r,for

(=) 2+ i+ (=11 =8 ['T()

r=inf
Ry
The result is sharp, the extremal function f(z) is given by (2.3).
Proof. We have to show, for f € A, that
' @)-1<1-k. (2.14)

A simple calculation get
G EWLC
j=2
and the last expression is less than 1—k if

Zﬁa/M <L

Jj=2

Since f€D,, (4,0, u,a,p) ifand only if

L) ELVA (S| KAVAT) IR

=2 Bla + . ’ ’
(ﬂ|+|1_r(?/1+ﬂz))]r(”“1)

(2.14) holds true if
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i ey [Gral G-y G )

=k 2 Blal (Arp) ).
(ﬂ|+|1_r(z+ﬂz)jr(”“1)

Or, equivalently,

|Z|Si (1—k)2(1+w)-1+(j_1)(1_5)n' ()

=2 Bla + o
(ﬂ|+|1 _IE?/i 3)}’“”“1)

which completes the proof.

Theorem 2.6 Let /€D, (1,6,u,a,p).Then

1. f is starlike of order k in the disc |z| <r, 0<k<1,and

o 0=kF (et )i+ G=1=5) [ T(i+1)

TR (B (e a)
B+1 T(1+2)

2. f is convex of order k in the disc |z| <r, 0<k<1,and

j(j+k_z)2r(j+z+1)'

(=K} (2 (=M1 -0) [T -1)

"R (ﬁwL_u+u>

e e b=ty 201

The results are sharp for the extremal function f(z) given by (2.3).

Proof. 1. We have to show that

z?((z))_l <1-k,0<k<I.
z
We obtain
|Zf'(z) Z(j_l)aj|2|
1< Jj=2
| /(2) 3

1+l
=2

and the last expresion is less than 1—£k if

S (j+k-2)
_/Zz—]l—k aj|z|<1.
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Since feD,, ,(4,0,u,a,p) ifand only if

2 (,1+;g')[1+(j—l)(1—5)"rr(f+1)a2_ <1.

(P n

7 B+1 T(1+2)

(2.15) holds true if

j+k—2|Z|< (A+wi+(j-1N1-5) [ T(i+1)

1-k Pla (/1+ . '
(/3|+|1_r(z+ﬂz))jr(”“1)

Or, equivalently,

12| < (1=kY (2 + )i+ (G-1)1-58) ]'T(+1)

(?ﬂ—lg?ﬂ++@)j(j+k—2)zl"(j+/1+l)

5

the starlikeness of the family is obtained.

2.Since f is convex if and only if zf, is starlike, we can prove (2) analogue with (1). The function f is convex
if and only if

2" () <1-k. (2.16)

We obtain

‘Zf”(zjﬁ <l-k

ij(j—l)ajz

e iG-1)
Z;‘Jlj—k aj|z|<1.
J=

Since feD, A (1,0,u,a,p) ifand only if

m,n

e (i G-00-8Y TG+ .
(e

p+1 T(1+2)

(2.16) holds true if
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b

VR RO (257 KV (R RN VER)
1-k Bla|  (A+u)
p+1 T(1+2)

r(j+A+1)

or, equivalently,

5

12| < (1=kP G+ g+ (G -1=8)TT(-1)

po e Li-orG 241

which yields the convexity of the family.

3. Conclusion

A new class of analytic functions is defined in this paper using a previously introduced fractional integral
operator. The class is studied regarding various characteristics such as distortion bounds and starlikeness and
convexity. The results contained here could inspire further studies on the functions of this class regarding
subordination and superordination results involving the fractional integral operator used in the present paper.
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