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1. Introduction

The new notion of fuzzy subordination was defined and studied recently in the papers [18-20]. This theory was
developed in order to extend the classical differential subordination theory introduced and studied by S.S. Miller
and PT. Mocanu in [14]. The basis of this fuzzy concept lies in the well known fuzzy set term introduced by Lotfi
Zadeh. In 1965 Zadeh published his Pioneering paper on fuzzy sets and many examples have been supplied to
understand the notion [23]. From here it derives many other important topics in mathematics. The theory of fuzzy
logic appears in the fuzzy sets theory context. A real number belonging to the interval [0,1] is assigned to a specific
element from a certain class. This is stated as a fuzzy set. The theory of fuzzy logic emerges by associating degrees
of truth to different propositions. The interval [0,1] is the true-values set. The number 0 is allocated for “ totally
false” and the number 1 is allocated for “totally true”. The rest of the numbers are associated with partial truth,
which is the intermediate degrees of truth.

In this context, the substantiation of fuzzy differential subordination became a very natural one. Since its
appearance, the theory of fuzzy differential subordination it developed at a very fast level as we can see in the
recent papers [16,21,22]. The present study aims to lead to obtaining certain outcomes that involve both the
notion of fuzzy differential subordination and that of differential operators. In this direction were outlined recently
several papers [3,10,11,13]. Such works demonstrate once again the interest shown in this topic. Motivated by a
joint earlier work of the author [12] and a recent paper [5] where it was introduced a differential operator, we
establish in this article an interesting application of best fuzzy dominants for certain differential fuzzy
subordinations. For future work, it can be useful to consider similar results as in [8] aiming an integral operator.

Further, we recall here some preliminary concepts and results which are used further. We are familiar with the
well-known concepts from Geometric Function Theory.

Let us denote by H the set of analytic functions defined in the open unit disc U ={zeC:|z|<1}. Consider
also H[a,n] a subset of H with the following form of functions

f(o)=a+az" +a, z""+...

Consider A(p,n) the set of functions f(z) that are normalized by

f(z)=z"+ i az",(p,neN={1,23,.1).

k=p+n
We denote A(p,1):=A, and A(1,1):=A=A,. Let A, ={feHU),f(z)=z+a,z"" +..} with A, =A.

We provide further, a brief description of basic elements of fuzzy differential subordination theory.

Definition 1.1. [23] A function F: X — 0;1] is named fuzzy subset, where X is a non-empty set. Another
definition, would be the next one: A pair (4, F,), with F,: X — 0;1]

A={xe X :0<F, (x)<l}=sup(4,F,),

is named a fuzzy subset of X . Set A represents the support of the fuzzy set (4,F,). Also F, is named the
membership function of the fuzzy set (4, F,). One can also denote 4 =sup(4, F,).

Remark 1.1. [20] Let be the inclusion relation 4 < X . Then we have F,(x) = {//lif x AOif x A..
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The real number 0, for a fuzzy subset, is the smallest membership degree of x € X to 4. Likewise, the real
number 1 is the biggest membership degree of x € X to A.

The entire set X is associated with F,(x)=1,x€ X and the empty set Jc X is associated with
F(x)=0,xeX.

Definition 1.2. [18] Consider two functions f,g € H(D) and Dc C, z, € D being a fixed point. We say that
the function f is a fuzzy subordinate to g and written as

f=rg or f(z2)=¢g(2), (zeD)
if the following relations are verified:
M f(z) = g(z,);

(2) Ff(D)f(Z) = Fg(D)g(Z)aZ eD.

Definition 1.3. [19] Consider (//:C3 xU — C and let /& be an univalent function in U, satisfying y/(a,0;0)
=h(0)=a. We say that p is named a fuzzy solution of the fuzzy differential subordination if p is an analytic
function in U, such that p(0)=a and verifies the next (second-order) fuzzy differential subordination:

Fll,(c3><U)1/J(p(Z),Zp’(Z),Zzp”(Z);Z) < Fn(u)h(Z), z€eU. (1.1)

For all p satisfying (1.1), the univalent function g is named a fuzzy dominant of the fuzzy solutions for the
fuzzy differential subordination, or a fuzzy dominant, if F,, p(z) < F,,q(z), z€U . A fuzzy dominant q which

verifies F&(U)&(Z) < Fyq(2), z € U, for all fuzzy dominants g of (1.1) represents the fuzzy best dominant of (1.1).

Definition 1.4. [20] Let Q be the set of all functions f that are analytic and injective on the set l_]—E(f)
where

E(f)={§€5U3£i£r§1f(2)=w}

such that f,(é/)i() for CE@U—E(f)_

Theorem 1.1. [20] Consider the function ¢ is univalent in the open unit disc U and let € and ¢ be analytic in
adomain D containing g(U) with ¢(w) =0 when we q(U). Set

0(2) = 24 (2)p(q(2)), h(z) = 0(q(2))+QO(2).
Assume that

(1) Q(z) is starlike univalentin A and

(2) Re{M}>O for zeU.
0(z2)
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If P is analytic with P(0)=4(0) 5ng PUICSD 4pg
F,,0(p(2))+2p (2)$(p(2)) < F, 1, 0(q(2)) + 2q (2)P(q(2))
then
EanP(2) < Fy)q(2)
and ¢ is the fuzzy best dominant.

Definition 1.5. [5] Consider f € A. For the numbers m, feN, =NuU{0}, 1R, 1>0, />0, we consider
differential operator 1™ (A,1) defined on A and having the form

" (A0 f(2) =2+ i[l * ’1(’1‘;11) L } C(B,k)a, 2"
where
— k+p -1 :(ﬂ+1)k—l
U ( B j (k—1)!
and

@) 1, n=0

a), =

" la(a+1)...(a+n-1), neN=N,-{0},
is Pochhamer symbol.

Remark 1.2. We reobtain several operators obtained earlier by various researchers. Recall here the
Ruscheweyh operator 1%#(1,0) = D, defined in [15], the Sa |a gean derivative operator I"°(1,0) = D", studied

in [17], the generalized Salagean operator 1"’(1,0)=D]" defined by Al-Oboudi in [1], the generalized
Ruscheweyh operator Il’ﬁ(/I,O)EDM introduced in [9], the operator ]’"’ﬁ(/l,O)EDQ”ﬁ defined by K. Al-Shagsi

and M. Darus in [2] and for =0 a similar operator introduced in [4]. The operator Im’o(/i,l—/i) =1 (forp=1)
was developed by Cho and Srivastava [6] and Cho and Kim [7].

By making use of a simple computation technique one obtains the following result.
Proposition 1.1. [5] Consider the numbers m, FeN,, 1>0,7>0
A+ DI"™ (A0 f(2) = 1=DI™P (A,D f(2)+(A+Dz(I™F (A1) f(2)) . (1.2)

and regarding parameter [

A QDI =1+ B ADF @)= A (DS () 03

The main object of the paper is to derive sufficient conditions required for analytic functions f which verify
certain differential fuzzy subordination types.
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In the present work, we deduce several interesting theorems regarding the best fuzzy best dominants for
certain fuzzy differential subordinations.

2. Main Results

Theorem 2.1. Consider a,b,c,&, u,neC, n#0, £#0, 1>0 and the function ¢ is a univalent one in the
open unitdisc U with g(z)#0.

Assume that %(? is a starlike univalent function in U . Consider
q(z

b 2¢
Re {—q(Z) +—(q(2))2} >0 @2.1)

g ¢

and
m+1,8 H m,p n
V’Z’,’,f’ﬂ’l(a,b,c,é;z) :=a+b{1 (ﬂ’l)f(z)} -{I (ﬂ’l)f(z)} + (2.2)
z z

z z

. {I'”“’ﬂ(ﬂ,l)f(z)r ,{Im’ﬂu,nf(z)}z” N

L&D { (1'””’ﬂ(/1,l)f(z) ‘lj+ n(lm*l’ﬂ(/l,l)f(z) _ IH
A+1 " (A, f(2) I (A, f(2)

If g verifies the next fuzzy subordination

mApl : 2 .29 (2)
FAmf(U)‘//y,,7 (a,b,c,f,z)SFq(U{a +bqg(z)+c(q(2)) +<& ) J 2.3)

then

-, (1’"+l’ﬂ(ﬂ,l>f<z>J”,[Im’ﬂm,l)f(z)
AT f(U)

z z

n
j <F,0,q(2), 24)

where A’”f(U)=([mﬂﬁ(/1’l)f(U)] .(ﬂ“ﬂ(mm

n
] ,zeU, z#0,n7eC,n#0 and ¢ is the fuzzy best
z

dominant.

Proof. Define the function p(z) by

m+1,[3 z “ m,f z
p(z>;:[1 uz,l)f( >J _[1 (A.Df (2)

z

n
J, zeC,z#0, f€A. (2.5)

By a straightforward computation, one obtains
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P'(2) _ (z[l'"*"" (4D (2)] _lj+ n(z[l””ﬁ(i,l)f(z)]' ‘lj'
p(2) 1" (4D () 1" (2. (2)

Using the identity
C+DI" (AN f(2) = A= (A,D f(2)+ U+ D)z (2,1 £ (2))

we obtain

2p'(z) u(l+1)(1"’*“’(/1 1) f(2) 1] 77(1+1)(1"’”ﬂ(/1 0/ (2) 1} (2.6)

p(z) I+ \ 1" (A,D)f(z) I+4 I (A,D)f(z)

By substituting the above equality into (2.3) we get

Fp(u{a +bp(2)+c(p(2))° +¢& 1; ((Z))J < Fq(U{a +bq(z)+c(q(2))’ +¢& Zq((j)J

By setting

S

O(w):=a+bw+cw’ and g(w) ==
w

one can easily notice that the function @ is analyticin C, ¢ is an analytic function in C\{0} and that ¢(w) =0,
we C\{0}. Considering

0(2) = 24 (2)p(q(2)) = £ 24D
q(z)

and

h(z) = 0(q(2)) + 0(2) = a+bq(2) + c(g(2))* + & j(()) ,

is deduced that Q(z) is a starlike univalent function defined U with

2 (2) 4G, 7', :
Re {22 _Re 1 z )L
C{Q(Z)} e{ 42 4 5‘](”5“’( ))}

(a,b,c,E€C,E#0).

zq (2)

Knowing by the hypothesis that
q(z)

is a function with the starlike univalent property in U and

Re {1_ 24(2) , zq”(z>} N
q(z)  q(2)
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we find that Re {M} > 0.

0(2)

Using Theorem 1.1, the assertion (2.4) of Theorem 2.1 is obtained. []

, —1<B<A<1 and q(z)=[i+zj,

1+ Az
1+ Bz
0<6 <1 replaced in Theorem 2.1, one obtains the following two results.

For the various form of the functions ¢, namely ¢(z)=

Corollary 2.1. Consider the numbers a,b,c,&, u,neC, n#0, £#0, —-1< B < A<1 with

bl+dz 2¢(1+4zY
Rl i > 0. 2.7)
E1+Bz & \1+Bz

If f €A, then fuzzy differential subordination

wit P (a,b,e,E f) < (2.8)

AU

2
<F(U)[a+bl+Az+c(l+Azj e (A-B): J

- 1+ Bz 1+ Bz (1+ A4z)(1+ Bz)

implies

FAmf(U)[I’”“’ﬂ(/i,l)f(z)j {I’"’ﬂ(ﬂ,l) f(z)j B CE 2.9)

z z 19y B

1+4
m,/l,ﬁ,/(a’b’c,gt;f) is given in (22) and 1+ z

2

where ¥ represents the fuzzy best dominant.

+ bz

Corollary 2.2. Consider the numbers a,b,c,&, u,neC, n#0, £#0, 0<6 <1 and

o 26
Re é(lﬂj +£(1+ZJ > 0. (2.10)
E\l-z E\l-z

If f €A, then differential fuzzy subordination

5 20
i p. ) I+z I+z 280z
Amf-(U)Wu,;ﬁl(a’b’c’g’f)SFC’(U)(a+b(l—zj +C(1—Zj +1_22J (2.11)
implies
m+l1 “ m n 3
P (1 (/Lﬂ,l)f(z)) _(1 (ﬂ,ﬂ,l)f(z)] . F(U)(”Zj, 2.12)
ATSWU) z z 1 1-z
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)
1+
where l//Z’,’,f’ﬁ’l(a,b,c, & f) is givenin (2.2) and (1 Zj represents the fuzzy best dominant.

—Zz

Replacing the function g(z) = e"*, with |0A|< 7 in Theorem 2.1 we deduce the following corollary.

Corollary 2.3. Consider the numbers a,b,c,&, 1,neC, n#0, £#0, |vA|< 7 and
b 2c
Re {— e’ +—e2“f‘z} >0. (2.13)
S S
If f €A, then fuzzy differential subordination
Amf(U)l//:Z;;l’ﬂJ (a,b,C, ‘faf) < E](U)(a +beUAZ +C62UAZ + é:UAZ) (2.14)
implies
1" (4,1 1l ’
P ( (2, )f(Z)J (IADI@Y 215
ATFW) z z q
where the function l//;””;’ﬂ’[ (a,b,c,&; f) is givenin (2.2) and ™ represents the fuzzy best dominant.
5(A-B)
Selecting ¢(z)=(1+Bz) 8 ,-1<B<A< 1, B#0,one obtains the next known result.

Corollary 2.4. Consider the numbers a,b,c,&, 1,n7,6€C, n#0,0#0, £#£0, -1<B< A< 1, B#0 with

b S5(A-B) 2 25(A-B)
RG{E(HBZ) B +?(1+Bz) B }>O. (2.16)

If f €A, then fuzzy differential subordination

m,A,B,1 .
W (0,653 )< 2.17)
6(4-B) 26(A-B)
z6(A-B
SFq(lf’(aer(lJrBZ) Pote(l+Bz) ° 0 +g 1(+BZ )]
implies
Im+1,ﬁ’ “ [m,/;’ n S5(4-B)
FAW)( (wf(z)J ( @ o (14" o1
: z z
5(A-B)
where y " (a,b,¢,&; f) is givenin (2.2)and (1+Bz) #  represents the fuzzy best dominant.
5(4-B)

One noticed that the function g(z)=(1+Bz) # isunivalentif and only if either
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-1

|M <lor

|M+1 <

Regarding parameter [ we derive the next result.

Theorem 2.2. Consider g a univalent function in the open unit disc U with g(z)#0, a,b,c,&, u,neC,
n#0,#0and 41>0.

Assume that Zq((j) defined a starlike univalent function in U and inequality (2.1) holds. Let the function
q(z
Yo a,b,e,E5 f) = (2.19)
Im+l,ﬂ+l /I,l z Im,ﬂ+l /I,l z
_spen| o LD G) ) (1 2DIG)
174,01 (2) I"7(4,0) f(2)

cas b{lm“’ﬁm,l)f(zq ,[Wm,l)f(zq .\

z z

. C{I’”“’ﬂ(ﬂ,l)f(Z)r ,{Im’ﬂ(ﬂ,l)f(Z)r

z z

If the function g verifies the next fuzzy subordination

AU Yo (a.b.e.é; Z)<F<U)(a+bQ(Z)+C(Q(Z)) +§zq((§)j (2.20)
then
m+1, z H m,p - n
FA’"f(U)(I (/i’l)f( )J '[[ (ﬂ;l)f( )] SFq(U)Q(Z): (2.21)

zeU,z#0,neC,n+#0, and g represents the fuzzy best dominant.
Proof. Consider p being given as in (2.5)
By using the identity

2 D @) = A+ B D @)= A (D)

we obtain

zp (2) _ "D f(2)
-1
( ) (ﬂ )|: [mﬂ’ﬂ(ﬂ,,l)f(Z) :|+
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1" ADfE)
" (201 ()

+n(B+1) (2.22)

By substituting the last equality into (2.20) we get

Fuo| a+bp@)+cp@) + 622 |<F, | avba()+clg(y +£ 712
p(2) q(z)

By setting

O(w):=a+bw+cw’ and ¢(w) :=é

w

we notice that the function @ is analytic one in C, also ¢ is an analytic function in C\{0} with ¢(w)=0,
we C\{0}. Considering

0(2) = 24 ()p(q(2)) = L E)
q(z)
and

h(z) 1= 0(q(2))+ O(z) = a+bq(z) +c(g(z)) +& ‘Z(()) ’

we deduce that Q(z) represent a starlike univalent function in U with

Re % ~Re {gq(zw%(q(z)f}w,

(a,b,c,£ €C,&#0).
Using Theorem 1.1, the relation (2.21) of Theorem 2.2 is obtained. ]

Remark 2.1. One can notice here that Theorem 2.2 can be reformulated for various forms of the functions ¢
(as in Corollaries 2.1-2.4).
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