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ABSTRACT

Convex analysis is a discipline of mathematics dedicated to the explication of the
properties of convex sets and convex functions. Convex functions are extremely useful
in proving many famous inequalities in mathematics. It is widely known that
inequalities defined by convex functions originated with the works done by Holder and
Jensen among others and applied to modeling a variety of problems both in hard and
soft sciences. Itis said that the arsenal of an analyst is heavily stocked with inequalities.
Studies related to convexity have kept occupying a central position in almost all areas
of mathematics, especially in functional analysis and operations research. Following
the emergence of fuzzy set theory, fuzzy convexity alongside a number of related
concepts has been explicated. However, not much has been done regarding fuzzy
inequalities defined by fuzzy convexity. In this paper, a novel attempt to study
arithmetic mean-geometric mean is proposed. In this short note, we provide two
proofs of the arithmetic mean-geometric mean inequality for convex fuzzy sets.
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1. Introduction

Convex analysis is a branch of mathematics that deals with the explication of the properties of convex sets and
convex functions. A set is called convex if the line joining any two points in this set also lies in the set. Convex
functions also play a significant role in many areas of mathematics. They are especially important in the study of
optimization problems where they are distinguished by several expedient properties. Various properties of the
convex set and convex functions can be found in [1-12]. In 1965 Zadeh introduced the concept of fuzzy sets and
after that several papers appeared in literature for example (see [4-6, 12-27] among others).

It is extensively known that inequalities defined by convex functions originated with Holder [28] and Jensen [29]
and applied to modeling a variety of problems both in hard and soft sciences. Many famous inequalities in classical
mathematics can be derived by applying Jensen'’s inequality [29] to some suitable convex function. Certainly, the
notion of convexity and Jensen's inequality can be made the foundation for the development of the theory of
inequalities in classical mathematics.

It is well known that Jensen [29] laid the foundation of convex functions and applied it to obtain several
generalizations of arithmetic mean-geometric mean inequality (see [2, 21, 30] for details). The notion of fuzzy
convexity was originally introduced by Zadeh [31]. In a number of subsequent studies related to the subject of fuzzy
convexity, several interesting and useful results have been established. In fact, many fuzzy inequalities have been
established in which convexity played a significant role ( [4, 13, 20, 21, 25, 32], just to mention a few). Not very
surprisingly, most of the results obtained for fuzzy convexity can be viewed as extensions of similar results for
classical convexity. Recently, Jensen's inequality for convex fuzzy sets along with a couple of related fuzzy inequalities
has been established [33]. In this short note, we provide two proofs of arithmetic mean-geometric mean inequality
for convex fuzzy sets.

2. Preliminaries

Let E denote the n-dimensional Euclidean vector space R", and I denotes the real unit interval [0, 1]. In general,
we shall make no distinction between notions for a fuzzy set with constant value and that value itself, and, for
simplicity, coordinate hyperplanes will be considered.

Let u: E - [0, 1] denote a fuzzy set. We shall adopt the following definitions:
2.1. Definition of Convex Fuzzy Sets
The most commonly used definition of fuzzy convexity ([4, 31] and many others) is the following:
A fuzzy set u on E is convex if and only if, for all x,y € E, and A € I, we have
1 (x + (1 —y) = Min {u(x), u(y)}
or, equivalently,
pAx + (1 = )y) = plx) Ap(y). (1

Moreover, p is concave if -y is convex.
We shall also make use of a more general definition of fuzzy convexity as given in [4, 25, 26]:
A fuzzy set u is convex iff

pAx + (1 =Dy = {Au) + (1 — Du)} (2)

forallx,y € supp u = {x:u(x) >0}, 1 €.
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In other words, a fuzzy set p is convex iff

B A X +A2y) = Ap(x) + Azp(y)
forallx,yesupppand A, b €1, M+ A=1.
It may be noted that definition (1) follows from definition (2) since
Max {p(x), p(»)} = Au(x) + (1 = Duly) = Min {p(x), u(y)}. 3)

See also [28, 2] for some comments on definition (1).

Furthermore, given a convex fuzzy set g, it is immediate to see that the open chord

{Qx+ (@ =Dy, aukx)+ @A -Du(»} 1€ (0,1), x,y € supp u} joining the fuzzy points (x, u(x)) and (v, u(y)) on the
graph of u lies in its fuzzy hypograph (defined as the set {(x, t)|x € E,t € (0, n(x))}). Thus it follows from definition

(2) that u is convex if and only if its hypograph is convex.

It may be noted that for a fuzzy set p: E - [0,1], we have for x;,x, € E, x = Ax; + (1 — 1)x, € E and hence, u(x) =
Au(xy) + (1 — Dulxy), A€ [0,1], (see [26], definition 1).

2.2, Jensen’s Inequality for Convex Fuzzy Sets [33]

Let u: E - I be a convex fuzzy set. Then it satisfies Jensen'’s Inequality in its generalized form:;

P Ek=1 Ak Xi) = X=q A 1(xg) = 1rsnki£1nll(xk)
forany x; x, «-,x, €E, and A A, -+, A, € (0,1) with
Yheide = 1.

Note that at least one A= 1since Y, 4, =1
3. Main Results
3.1. Theorem

Let u be a convex fuzzy set. Then for x; ..., x, € R, the following inequality holds:

RC TR0 2250 100 = ([Tey RC0D) (%)
Proof

The proof outlined below is obtained by mimicking the proof of the AM-GM inequality in classical analysis
attributed to A-L Cauchy (Cf. [14], for example).

It is immediate to set that the first half of () follows from Jensen’s inequality (2.1, [33]). In the following, we
provide a proof of the second half of ().

Let us assume that (+ ) holds for n = 2.
In fact, this can be seen as follows:

(u(xy) — .“(xz))z =0
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= (1) + u(x2))? = 4 p(xp(x,)

e+ 1
= T > ()7

Equality holds iff  u(x;) = u(x,) = x; = x,.
Now we suppose that () holds for n = m, and show that it holds for n = 2m. This can be seen as follows:

Let x4, ..., X, V1, .. Vm € RY.Then

1) e WG IHO) e B = [ (1) o G ) (1) e p )]

< %[(u(xl) oo 1))+ () - “(ym))%]‘ (by &)

< l[#(x1)+~--+ ) ﬂ(y1)+-7-1-l+ u(ym)]’ (by our supposition)

_uCey) + oA p(n) +u(yn) + o+ p(ym)
B 2m

Equality holds for u(x;) = = u(xp) = p(y) = = um)-
Thus (x) holds for n =2mi. e., whenever n is a power of 2. In order to complete the proof of (x), we need to show

that it holds for any arbitrary integer n.
Letn < 2" =N, and u(x) = %Zﬁzlu(xk).

Let u(xpsq) == ulxy) = pux).

Then we have [1%_, u(x) = ()Y 172, u(xe)
< (A2 na) = wE)

= [z ) = )"

= (Mo nG)™ < p() = 230 u0a).

== xy e, iff x, == x,.

Equality holds iff x; =
3.2. Proof of Theorem (x) from Jensen’s Inequality for Convex Fuzzy Sets

It is immediate to see that the first half of the inequality () is a direct consequence of the first half of Jensen'’s
inequality. We outline the proof of the second half as follows:

For brevity, let the arithmetic mean %Z?:M(xk) be denoted by A(u(x)) and the geometric mean (]'[Zzl,u(xk))% by
G(u(x)) where x = (x4, ..., x,) be a sequence of points in R, and non-negative nt root is being taken. Note that each
(**)

p(x) is positive. We need to show that A(u(x)) = G(u(x)).
Proof of () can be straightforwardly obtained from Jensen’s inequality by exploiting the convexity of —log u(x)

on R*.
1 u(xg)
le, —Xi=ilog u(x) < 108( k=1, )

74



Arithmetic Mean-Geometric Mean Inequality for Convex Fuzzy Sets Singh and Singh

which is equivalent to (x).

Remark. Proof of () can also be obtained from Jensen’s inequality (in section 2.2) by proving

(1_[ ,ll(xk>)% S MiNjggen .u(xk)
k=1

which in turn, can be obtained by the induction principle.

4. Concluding Remarks

The notion of fuzzy convexity as an extension of classical convexity was originally introduced by Zadeh in his
seminal work [31]. It is well-known that Jensen [29] laid the foundation for convex functions and used it to establish
several generalizations of arithmetic mean-geometric mean inequality. In [33] authors have established Jensen's
Inequality for convex fuzzy set. Possibly this is the first attempt of this kind. In the classical convex analysis, many
inequalities can be derived by applying Jensen’s inequality to some suitable convex function. We have not been able
to include many fuzzy counterparts of many fundamental results related to arithmetic mean-geometric mean
inequalities, that exist in classical mathematics, and trust this will be an exciting area for future research.
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