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A New Approach of Milne-type Inequalities Based on Proportional Caputo-Hybrid Operator izzettin Demir

1. Introduction

The theory of convexity has several applications in classical analysis, which makes it both significant and
appealing. This theory enables us to solve a wide range of problems that arise in both practical and pure
mathematics. Furthermore, the usage of integral inequalities and their applications has expanded rapidly, and it
has impacted many scientific and technological domains in addition to the numerous current mathematical
subjects, such as measure theory, approximation theory, and information theory. It is also possible to determine
the error bounds of numerical integration formulae for the differentiable mappings, by using the integral
inequalities. Common inequality types, such as Griuss-type, Hermite-Hadamard-type, Ostrowski-type, Simpson-type,
and Ostrowski-type, evaluate the remainder term and provide error boundaries for quadrature methods. Because
of the close relationship between the theory of inequality and the theory of convexity, numerous researchers have
been interested in merging them, which aids in developing and generalizing the integral inequalities [1-6].

Simpson’s inequality is one of the most important and frequently required inequalities, which is as follows:

1 f(a)+f(b)+2f a+b If(x)dx_(b a)* H (4)H
3 2 2 2880
where f :[a,b] > R is four times continuously differantiable mapping on (a,b) and Hf(4 H = sup ‘f 4)(X)‘ < oo,

e(a,b)
This inequality establishes an upper limit on the error that occurs when estimating a def|n|te integral using
Simpson's rule. It is widely recognized that when the mapping f is not four times differentiable or when its fourth

derivative f“ is unbounded on the interval (a,b), the classical Simpson quadrature formula cannot be employed.
In recent years, several authors have highlighted Simpson-type inequalities for various classes of mappings due to
its abundant geometric importance and applications. For instance, in [7], Dragomir et al. demonstrated some recent
advancements in Simpson'’s inequality, where the remaining part is expressed in terms of derivatives lower than the
fourth order. In [8], Alomariintroduced Simpson’s type inequalities for s -convex functions. Sarikaya et al. gave some
Simpson's type inequalities via twice differentiable functions in [9]. For the other results, one can refer to [10], [11-
13].

Under conditions similar to those in Simpson inequality, the Milne inequality is the one that gives estimates of
the error boundaries for the Milne formula:

1 b 1 7 7(b— 4
Hzf( 1252 )+ 2f(b)}—m£f(X)dx< ot

23040

where f :[a,b] = R is a four times differentiable mapping on (a,b) and Hf (4)H = sup ‘f 4)(X)‘ <0, Inthe recent
xe(a,b)

times, researchers’ attention to the Milne inequality has been considerable. Alomari and Liu [14] established error
estimations for the Milne's rule for mappings of bounded variation and for absolutely continuous mappings. Rom
a’' n-Flores et al. [15] proved some Milne type inequalities for interval-valued functions. Budak et al. [16] investigated
Milne-type inequalities for bounded functions, Lipschitz functions and functions of bounded variation. Ali et al. [17]
gave the fractional version of Milne's formula-type inequalities for differentiable convex functions and Riemann-
Liouville fractional integrals. Many recent articles have been published on this subject, as in [18-20].

On the other hand, fractional calculus is a branch of mathematics that deals with derivatives and integrals of
non-integer order. So, it plays a vital role in the generalization of classical calculus, modeling complex systems,
solving fractional differential equations, analyzing fractal geometry and various scientific and engineering
applications. Furthermore, it provides a framework for analyzing and understanding systems with fractional
dynamics, allowing for a more comprehensive mathematical description of complex phenomena. Therefore, due to
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the new fractional integral and derivative such as Caputo-Fabrizio [21], Atangana-Baleanu [22] and tempered [23],
this calculus has gained more importance and has found applications in various fields of science and engineering.

The Caputo derivative is defined as the application of a fractional integral to a standard derivative of the function
whereas the Riemann-Liouville fractional derivative is obtained by differentiating the fractional integral of a function
with respect to its independent variable of order n. The Caputo fractional derivative necessitates more suitable
initial conditions in contrast to the conventional Riemann-Liouville fractional derivative considering fractional
differential equations [24]. Accordingly, when evaluating other fractional derivatives, the Caputo derivative is
advantageous since it yields solutions that are more meaningful in a physical sense for the specific problems.

Besides, the operator of proportional derivative denoted as P D, f(X) is given by the equation [25]:
"D, f(X) = K, (e, t) f (t) + K, (e, t) F (1),

where K, and K, are the functions with respect to & €0,1] and t €R subject to certain conditions and also, the
function f is differentiable with respect to t € R. This mathematical operator is commonly used in control systems

and robotics. In recent years, there has been a notable increase in the importance of research conducted on both
the Caputo derivative and the proportional derivative [26-28].

2. Preliminaries

To better understand the results obtained in this paper, we recall some basic concepts which we need in the
sequel.

One of the significant definitions in fractional analysis is the following [29]:

Definition 1: Let ¢ >0 and a ¢ {1,2,...}, n=[a]+1, f e AC"[a,b], the space of functions having n—th
derivatives absolutely continuous. The left-sided and right-sided Caputo fractional derivatives of order a are
defined as follows:

1 X
DY ()= ———[(x-t)"fO(t)dt, x>a
SOt [CUANRC

and

1 b
DY f(X)=———|(t—x)"*fO(t)dt, x<h.
O i LA LU

If @ =ne{l,2,3,..} and usual derivative ™ (X) of order n exists, then Caputo fractional derivative Da”‘+
f(x) coincides with f(™(x) whereas © D:‘_ f (x) with exactness to a constant multiplier (—1)". For n=1 and

=0, wehave °D”, f(x) =°D* f(x)= f(x).

In [30], Baleanu et al. gave the following definition which they merge the concepts of Caputo derivative and
proportional derivative in a novel manner, resulting in a hybrid fractional operator that can be represented as a
linear combination of Caputo fractional derivative and Riemann-Liouville fractional integral. gave the following
definition which they merge the concepts of Caputo derivative and proportional derivative in a novel manner,
resulting in a hybrid fractional operator that can be represented as a linear combination of Caputo fractional
derivative and Riemann-Liouville fractional integral.
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Definition 2: Let f:1 cR" —R be a differentiable function on I° and f, f are locally L,(I). Then, the
proportional Caputo-hybrid operator may be defined as follows:

°DF f (1) = ﬁ [[Ky@ ) @)+ Kol D) F ()t o) “dr

where o € [0,1] and K, and K, are functions which satisfy the following conditions:

lim Ky(a,7) =0; Iim K, (e, 7) =1; K (e, 7) #0, « €(0,1];

a—0* a-1

lim K, (e, 7) =0; lim K,(a,7) =1; K,(a,7) 0, o €[0.1)
a—0 a—-1"
Afterwards, Sarikaya [31] presented a novel definition by employing distinct K, and K, functions based on

Definition 2. Furthermore, Sarikaya [31] derived the Hermite-Hadamard inequality utilizing his own new definition
as presented below:

Definition 3: Let f : | —R" —R be a differentiable functionon 1° and f, f e L (l). The left-sided and right-
sided proportional Caputo-hybrid operator of order « are defined respectively as follows:

:f Dy f(b)= ﬁ;ﬂKl(a, b—7)f(z)+K,(a,b—7) f (T)](b—r)’“dr
and
E,C Dy f(a)= ﬁz[Kl(a,r—a) f(r)+K,(a,r—a)f (T)](T—a)_adf,

where a €[0]1] and Ko(at,7) = (1-@)’c" and K (a,7) = a’r”.

Theorem 1: Let f:l cR" —>R be a differentiable function on |°, the interior of the interval |, where

a,bel° with a<b andlet f, f be the convex functions on |. Then, the following inequalities hold:

I'(1-a) [rcna PCHa
< b2 D f (b) + "D f(a)]
SaZ(b_a)a[ f (a);_ f(b):|+(1_a))(b_a)la|: f(a)z f(b):|

In [32], Sarikaya also gave the following Simpson's type inequality using his own definition of the proportional
Caputo operator:

Theorem 2: Let f : | cR"™ —R be differantiable function on |°, the interior of the interval | where a,bel’
with a<b, and f, f" eL[a,b]. Then, the following identity holds:
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where

and
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S(a,b; @)

_a’(b-a)” a+b

LA-ab-a) {f‘(a)+4f'(a—;bj+ f'(b)}

12

_ F'(1-a) [ec

a PCa
o DL T0)+ (DI T(@)

6¥2 (b _ a)l+a 1

S@bia) =" [POLF (ta+(@-t)b)+ f (th+(1-t)a)]dt

L (-a)b-a)™ Jl'Q(t)[f" (ta+(1-t)b)+ " (tb+ (1-t)a)ldt,

4
1t o<t<l
6 2
P(t) =
>y laa
6 2
1—t“a, 0<t<Z
6
Q(t) =
§—t”", Egtgl
6 2

The purpose of this work is to use the proportional Caputo-hybrid operator to study the similar forms of the
Milne-type inequalities with respect to Riemann integrals. For this purpose, firstly, we give an identity by utilizing the
newly found proportional Caputo-hybrid operator. Then, we present several Milne-type inequalities with the aid of
convexity, the Holder inequality and the power mean inequality. Moreover, these results enhance and generalize
the inequalities derived in earlier works. Next, we provide some examples supported by graphical representations
to verify the established inequalities.

3. Results

The following lemma is essential for demonstrating our other main results. Therefore, we will give the proof of

this lemma.

Lemma 1: Let f ;| cR" — R be a twice differentiable function on 1°, the interior of the interval I, where

a,bel° satisfying a<b andlet f,f, f e L,[a,b]. Then, the following identity is satisfied:
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(- a)f”lz“lj(t Zj{f(ua —b) f(1a+ﬂbﬂdt
273 2 473 287

+(1—a)(b—a)2“2“%{?-%}{1‘" [%a+%bj— f"(%a+%bﬂd

0

_a’(b-a) 2" a+b
—f(Zf(a)— ( : J 2f(b)}

(-a)-ayr2 [Zf (a)- f [a;bj 2f'(b)j

3

_ I'(l-a) PC Defb)+ ™  Def _
Za(ba)aﬂ[[a;by b ()+(aJ2rbj— a (a)

Proof. Integrating by parts, we have

j[i—gjf(ﬂa —bjdt 4 f@)-—2 f("“b} 1}
2 3 2 3(b—a) 6(b—a) 2 b-as

and

1/ 42-2a _ ' ‘ — 20 & (22—
[[t--2 f"(ﬂadbjdt =% _f(a)-—2 f(a+bj—2 20 fjr-ee (ga+£bjdt.
172 73) (292 3(b—a) 6b-a) (2 ) b-ai 2 475

Using a variable change, multiplying the results by a’(b—a)*"2“*" and (1-a)(b—a)**2*>

them side by side, we get the following result;
1
(- a)wlz“lj t_2)¢ (2= 51 Yy at
2 3 2 2

1/ 42-2a _
+(1-a)b-ay 2 L f"(ﬂaJrlb)dt
72773) (2772

, and combining

(1)

2 an—-a+l 2 an—-a-1
_a’(b-a)“2 f(a)—a (b-a)*2 f(a+bj
3 3 2

| (1-a)b-a)2" fla) a)(b—a)— 2+ f.(a+b)
3 3 2

as
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By following similar steps, we reach

o2 (b— a)““ﬁ*j@ ;jf'(%a+%bjdt

1 2-2a
+(1—0¢)(b—a)2“20‘3'[(3—t jf" [£a+ﬂbjdt
372 ) 272

2 an—a+l 2 _alao-a-l
_a’(b-a)*2 f(b)—a (b—-a)*2 f[a+b]
3 3 2

L (A-a)b-a) 2" ) - a)(b—a)* 2+ f.(a+bj
3 3 2

—( N J[a (b-) f(7)+(1-a)’(b-r)“ f ()b—7) “dr.

Thus, by putting (1) and (2) side by side, we obtain

1
o2 a)””lzwljt 2 (2 tastp - e[ Las 22ty ) fat
23 2 473 247

+(1—a)(b—a)2‘“2“‘3j.(¥—§j{f (%a Ebj £ Ga+%bﬂd

0

_a’(b-a) 2" a+b
—#{Zf(a)— ( ; j 2f(b)j

+(1‘“)(b‘3"")1“2a2 (21‘ (2)-f (a;bj 2f'(b)j

I'(l-a) PC D)+ *C  D*f
2a(b a)””ll(a;bj b ()+[az+b]_ a (a),

which completes the proof.

Remark 1: Letting the limit as & —1 in Lemma 1, it follows that

—(b_a)j(l—zj{f'(—z_ta+£bj—f'[£a+—2 tbﬂd
2 2 3 2 2 27 2

1 a+b 1%

3(2f( )—f( . ) 2f(b)]—mif(x)dx
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By using a variable substitution with the condition & =1, it is identical to Lemma 1 given by Budak et al. [16].

Corollary 1: In the limiting case & =0 in Lemma 1, we have

M‘l[ E_l f(ﬂa+£bJ_f(£a+Eb) dt
2 2 3 2 2 2 2

a+b

1( .. (a+b . 4 | 2
=§(2f (@) f [TjJrzf (b)}—m be(x)dx— j f (x)dx |

2

Theorem 3: Let f ;| cR" — R be a twice differentiable function on |°, the interior of the interval I, where

a,be |’ satisfying a<b andlet f,f,f el[ab].1f| f |* and | f | are convex on [a,b] for q>1, then the
following inequality holds:

a’(b—-a)*2“ a+b
f(Zf(a)— f(7)+2f(b))

3)

L (- (;g)(b;)a)l‘“Z“_2 (Zf'(a)— f'(a%bjﬂf'(b)}

e e N G TN
2y ) )

_sa’(b—a)" 2" [‘f'(a)‘q +4t (o)’ J“ +[4\f'(a)(q +| £ (b)° ]“

by f (a)}

12 3) 5}

2-a na-3 2_# 1_a
+(1-a)(b-a) "2 [E 2(3—20!)j

1
g

{(A(an £ @ +B@)] £ O) ) +(Bla) | @) +AW@)]| " (B)[") }
where

_1 1
A= 420

and

B(a):l— t 1
2 2(3-2a) 4(4-2a)
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Proof. Firstly, let @ =1. By the convexity of | f | and | f " |, we obtain from Lemma 1 it follows that

a’(b—-a)*2“ a+b
f(zf() f( ; j 2f(b))

(a2 (zf (a)- T [a;bj 2f'(b)j

F(l a) PC Daf b Daf
2a(b a) a+l[[2) ()+(2bJ a (a)

<a’(b-a)“'2™ ‘1I(2 t} f'(£a+ﬂbj+ f'[ﬂaJrlbj dt
3 2) (2972 2 47
1 2-2a _ . _
+L-a)b-a) 2 2_t f"(la+ﬂbj+f (ﬂaﬁbj dt
3 2 2477 2 47

0

< az(b—a)“”Z‘“‘lj.(z—%jq @)+ (b) it

o\ 3

r-ae-apez L0 jﬂf" (@) (o)t

CI

=S @y 41 £ )

2o na-3| 2 1 . "
+(1-a)(b-a)> "2 (3 MJQT (a)+|" (b))

Now, consider ¢ >1. In view of Lemma 1, using the property of the power mean inequality and the convexity of

[ £ 1%, | f|%, we get

a’(b—-a)*2 a+b
f(Zf() f[ ; j 2f(b))

+(1‘“)(b;a)”2“ (2f (a)-f [a;bj zf'(b)]

r(l-a) ¢ Def(b)+ P  D*f
2a(b a)‘“'l[(a;b] b ()+(a;bj_ a (a)
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2ttt
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1

1
1 o q q

<a?(b-a)*t2et ( j(% _ l}dt) i dt
372

+(1-a)(b-a)**2*?® ﬁ@ - tz_;a jdtJ P [i@ B tz‘;“ J .
o2 22 %1 9 2 )
ﬂ(i‘ ; jdtJ ({[5‘ ; ]

a5Vl (1 e Ao (A ya L.ya)a
<a?(b-a)**2 (12) (Ef(aj +Ef(b)()+(ﬁf(a)' +Ef(b]j

2-a na-3 2 1 Lé

11 q 1 1 )
) ((6_4(4—205)]' @ (2 2(3-2a)  4(4-2a )J'f (b)|]

1 1 1 q q
+([§_2(3—2a)+4(4—2a)]| @ (6 442 )J'f (b”j '

Thus, the proof ends.

Now, we show the effectiveness of our theorem with an illustrative example.

Example 1: Let us consider a function f :[0,2] >R given by f(X) =X>. Then, for q =1, we can calculate the
right-hand side of the inequality (3) as follows:

50 +6(1— a)[g—ﬁj Y.

On the other hand, we obtain that
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ﬁzgiing(éf@n—f(3§9j+2fmi

3
+(1‘“xb‘afa2a2(2f(ay-r(3i9j+2f(mJ
3 2

[(l1-a) PC

Do)+ ™ Def(a)

2

- 27(b-a) " (22)

B 3(1-a)® _6(1- a)? N 6(1—a)® —
4-2¢ 2-2a 3-2a

=3a’® +%(1—a) Y,.

As one can see in Fig. (1), the left-hand side of the inequality (3) is always below the right-hand side of this
inequality for all values of & € (0,1) and q =1.

5 T T T T T T T T T

—\|/

45 —\[;1 T

N
T
1

w
o
T
1

values of the functions \llk
no
3 w

no

1.5

1 Il 1 1 1 | 1 1 | 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
values of a

Figure 1: The graph of both sides of the inequality (3) according to Example 1, which is computed and drawn in MATLAB program,
dependingon @ €(0,1) and g =1.

Remark 2: Letting the limit as & —1 and putting 4 =1 in Theorem 3, it follows that

5(b—a)

oy (£ @]+ f b))

<

1 a+b 1 ¢
‘g[Zf(a)_ f(T)"'Zf(b)j_E_!f (x)dx

which was proved by Budak et al. in [16]. Moreover, as & converges to 1 and q >1, the inequality in Theorem 3 is
given by
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a+b 1 °
‘3[2f() f( . j +2f(b) —Elf(x)dx

_sb-a) ([F@ 4T o | (4@l <|rof |’
T 24 5 5 ’

which was proved by Budak et al. in [16].

Corollary 2: In the limiting case a =0 in Theorem 3, we obtain

a+b . 4 ; 5
3(21“ () - f( > j +2f (b)j—W aLf(x)olx— j f (x)dx

b (19 v 5 )
< 460[( ()‘ ‘f (b)‘j ( alf (a) +ﬂ‘f (b)‘} }

Theorem 4: Let f : 1 —cR" — R be a twice differentiable function on |°, the interior of the interval I, where

a,bel® satisfying a<b andlet f,f',f eL[a,b]. 1f| f |° and|f" |* are convex on [a,b] for g >1, then the
following inequality holds:

M(gf (a)— f (a;bj 2f(b)j

3

4

+(1‘“)(b‘3"")1_“2“_2 (2f (@)-f (a;bj zf'(b)]

__TUma) e ey D¢ f
za(b a)a+1|:(2) ()+[2b] a (a)

_a’(b-a)" 2 22p+2_1% S‘f'(ajqﬂf'(qu q+ ‘f'(a)‘q+3‘f'(b)(q a
= 6 3p+3 4 4

2°*((2—2a)p+1)-3° ’
6°((2-2a)p+1)

+(1-a)(b—a)*" 2“3(

1

) [3\f"(a)|q+\f"(b)|“J“+[\f"(a)|‘*+3\f"(b)|“]‘l*
4 4
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1

2 b_ 1+a2—a—1 22p+4_4 B ‘ '
Lo ag ( 3513 J Qf (a)‘+‘f (bj)

vk avzanas| 2P7((2-2a)p+1)-4.3° v .
T+ (l-a)(b-a)*2 [ 2 201p+]) ij (a)+|f (b))

£+1 =1.

where P q

Proof. By employing the well-known Hélder's inequality and the convexity of | f*|* and | f " |*, based on Lemma
1, we have

a’(b—-a)*2™ a+b
f[ﬂ(a)— f[Tj+2f(b)j

(5)

G “)(b;a)l_aza_z (2 f'(a) - f'(a—;b} of (b)j

_ F(l_a) PC Daf b PC Daf
2a(b_a)a+1[[a;_b)+ b ()+(6H2_bj a (a)

1
1 P \p
< (XZ (b _ a)1+a 2051(."(2 _ Lj dt}
372

When we calculate the integrals in the above inequality, we get
1 p 2p+3
2t 2°P= -2
(o
3 2 6°*(p+1)
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J 2517 @ gl o jar= L L@EELOL

Tt qa 2—t.. f 43| f (b) |
-![E‘f(a)‘ +T‘f(b)‘} _|f @] +| (b)| 1

{2t L ) 31 £ (a)|® +| f (b)) |
![T\f @) +5\f (b) }dt | (3] +I b

1 _ ) q q
J“:l‘f(a)‘q +£‘f (b)‘q:|dt | f (@] +3| f (b)|
L2 2

Also, using the property (A—B)? < AP —BP for A>B>0 and p >1, we obtain

1 2-2a \P 1 P i2p-2 p
jg—t dtsj(gj v dpdt:(gj - L .
3 2 3 2° 3) 2°((2-2a)p+1)

0 0

Thus, the first part of (4) can be obtained by replacing the calculated integral results into inequality (5) .
Furthermore, it is known that we have the property

Zak+b <Zak+2bS
k=1

for 0<s<1 and a,,b, >0 with ke{l1,2,....,n}. Thus, for the proof of the second part of (4), if we take

a,=|f'(a)", b, =3t (o), 8, =3t (a)", b, =|f'(b)". & =[t"(a)". b =3t (o), &, =3 f"(a) " b, =|"(b)",

by 1+ 3% <4, the intended result can be attained in an easy way.

Example 2: Take a function f as defined in Example 1. Then, we obtain that the left-hand side and right-hand
side of (4) are

3(1-a)’ _6(1- a)’ N 6(1-a)?
4-2c 2-2x 3-2x

3a’ +£(1—a)— =Q,

and

1

1
2gg? 2204 _4 5+6(1_a) 277*2((2—2a) p+1)—-4.3" P | -0
3p+3 6°((2—2a) p+1) B

Furthermore, we have

1

a’(b—a) 2t 202 _1\y 3t ()" +|f'(b)’ q+ ()" +3 (o)
6 3p+3 4 4

Q|-
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1

- _q)%%2+8 22p((2—206)p+1)—3p P
+(1 a)(b a) 2 [ 69((2_2a)p+1) J

ok

|(arar«rer ) @l 36 o) )
4 4

1 1
2 (n2p+4 2 \p 1 _ 2p+2((9 _ VR LAY 1
_at (2 -4Vl g ], 3(1-a)(2 (2-2a)p+1)-4.3"|» 143 =0,
2| 3p+3 2 6°((2—2a)p+1)

Therefore, in view of inequality (4), we get the inequality

B 3(1-a)? _6(1- a)’ N 6(1- )’
4-2a 2-2a 3-2a

30 + ! (1-a)
2 (6)
1

1
2 (H2p+4 1 2p+2 - 1
= (_2“ —4Jp(1+3q}3(1;a>(2p ((2—2a)p+1)—4-3”]"(1+3qJ

6°((2—2a)p+1)

1 1
<2a’ -4 B+6(1—oz) 27%((2—2a) p+1)-4.3" )
- 3p+3 6°((2—-2a)p+1) '

Thus, the validity of inequality (6) is demonstrated in Fig. (2).

20 —

B
18 - e,
16 LI

values of the functions 2

values of p 10 0.2 | 0.4 f
values or a

Figure 2: The graph of three parts of the inequality (6) in Example 2, which is computed and drawn in MATLAB program,
depending on a € (0,1) and p e(1,3].
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Remark 3: In the special case when & tends to 1 in Theorem 4, we reach

1 a+b 1 %
5[2f(a)— f(Tj+2f(b)j—m£f(x)dx

1 L
Sb_a[zm_lj; 3t'(@) 40 " (|F@) +3r )
12 { 3p+3 4 4

e

which was proved by Budak et al. in [16].

Corollary 3: The following specific situation occurs as a approaches 0, according to Theorem 4:

a+b

1( ... (a+b . 4 |° 2
g(Zf (@) - f (Tj+2f (b)j—m aLf(x)olx— j f (x)dx

2

_(0-2)(2°((2-2a)p+1)-3" [ (1 @ 431 £ ®)F | (31 £ @F +] ') )"
2 6°((2—2a) p+1) 4 4

(b—a)( 22"2((2-2a)p+1)-4.3° b .
=3 ( 6°((2—2a)p+1) M”ﬂﬂf(hﬁ

4. Conclusion

The purpose of this work is to develop new Milne-type integral inequalities for twice-differentiable convex
mappings by using a proportional Caputo hybrid operator. We start by demonstrating a new integral identity of the
Milne-type associated with proportional Caputo-hybrid operator in order to accomplish this purpose. Next, utilizing
convexity, the Holder inequality, and the power mean inequality, we present many Milne-type inequalities. Since our
results for & — 1 represent the specific case of previously established bounds, they are more useful in this study
than in traditional calculus. Therefore, we hope that our methods and results will inspire readers to investigate this
subject further. In future work, one can explore similar inequalities for distinct fractional integrals and obtain new
Milne-type inequalities through the use of various forms of convexity.
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