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Detection and Discrimination of the Periodicity of Prime Numbers 
by Discrete Fourier Transform – Symphony of Primes– 
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Abstract: A novel representation of a quasi-periodic modified von Mangoldt function L(n)  on prime numbers and its 
decomposition into Fourier series has been investigated. We focus on some particular quantities characterizing the 
modified von Mangoldt function. The results indicate that prime number progression can be decomposed into periodic 
sequences. The main approach is to decompose it into sin or cosine function. Basically, it is applied to extract hidden 
periodicities in seemingly quasi periodic prime function. Numerical evidences were provided to confirm the periodic 
distribution of primes. 
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1. THE VON MANGOLDT FUNCTION 

The von Mangoldt arithmetic function is defined by 

!(n) =
log p if n = p

k
for p a prime and integar k "1

0 otherwise
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This function carries the information about the 
properties of the primes and approximate their 
weighted characteristic function. The discrete Fourier 
transform of the von Mangoldt function is defined by 
the Riemann-Weil explicit formula 
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and gives a spectrum with spikes at ordinates equal to 
the imaginary part of the Riemann zeta function zeros 
[1].  

2. THE MODIFIED VON MANGOLDT FUNCTION 

Starting with the function above, let us consider a 
special, simple case of von Mangoldt function at for 
k=1,  

L(n) !
ln (e) if n = p for p a prime

0 otherwise
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The function L(n)  is a representative way to introduce 
the set of primes with weight of unity attached to the 
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location of a prime. From the summation of that 
function we can see that primes contribute equally and 
that representation exist. The sum of the modified von 
Mangoldt function L(n)  is same as the Riemann 
hypothesis [2, 3] with a slight error: 

! (n) =
1

In t
2

pn

" dt = n + 0 n Inx( )
2( ) # L(n) # pnn$%&       (4) 

but the L(n)  function predict the number of primes with 
no error, e.g. the primes are not randomly distributed 
(large numbers’ law). Therefore, this function is 
oscillatory but not diverging. The modified von 
Mangoldt function L(n)  is related to Dirichlet seriesor 
the Riemann zeta function by  

! (a) =
1

na
=

L(n)

n
an=1

"
#n=1

"
# $(a) >1.         (5) 

The discrete Fourier transform of the modified von 
Mangoldt function L(n)  gives a spectrum with periodic, 
real parts as spikes at the frequency axis ordinates. 
Hence the modified von Mangoldt function L(n)  and 
the prime series can be approximated by periodic sin or 
cos functions. Let us consider that natural numbers 
form a discrete function g(n)! g(nk )  and, gk ! g(nk )  by 
uniform sampling at every sampling point n

k
! k" , 

where Δ is the sampling period and k=2, 3,.., L−1. If the 
subset of discrete prime numbers is generated by the 
uniform sampling of a wider discrete set, it is possible 
to obtain the Discrete Fourier Transform (DFT) of L(n) . 
The sequence of L(n) . prime function is transformed 
into another sequence of N complex numbers 
according to the following equation:  

F L n( ){ } = X !( )            (6) 

where L(n)  is the modified von Mangoldt function. The 
the operator F is defined as: 
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X(!) = L(k")
n=2

N#1
$ e

# i(2%! )(k" )          (7) 

where ! = l"f , l = 0,1,2,...,N #1,  and !f = 1/ L,  L=length 
of the modified von Mangoldt function. 

The amplitude spectrum of equation 7, describes 
completely the discrete-time Fourier transform of the 
L(n)  prime function of quasi periodic sequences, which 
comprises only discrete frequency component. The 
important properties of the amplitude spectrum are as 
follows: 

1. the ratio of consecutive frequencies ( ft , ft+1)  and 
maximum frequency ( fmax )  converges 

limt! fs/2

ft+1

f
=
ft + (1 / L)

ft
=
fmax

ft
= 1  where fs =

1

!
 

represents the positive half-length of amplitude 
spectrum. This is similar to the prime number 
theorem: 

lim
x!"

# (x)In x

x
= 1.           (8) 

2. the reciprocate of the frequencies ( ft )  

3. converges limt! f s/2

1

ft
=
1

fs
        (9) 

4. the consecutive frequencies on the DFT 
amplitude spectrum describe a parabolic or 
Fermat’s spiral (Figure 1), starting from 0 with 
increasing modulus (polar form r = aft ), where 
a=1, independently from the length of the prime 
function and its parametric equations can be 
written as:  

x( ft ) = ft cos( ft ), y( ft ) = ft sin( ft )        (10) 

5. the DFT spectrum of the primes exhibits highly 
ordered and symmetrical frequency distribution 
(Figure 3). 

6. the DFT of the modified von Mangoldt function 
will be periodic (Figure 2) independently the 
length of integer sequences used 
(! " N ,! = 0,1, ...,N #1),  

 
X(!) = X(! + N ) = X(! + 2N ), ...,= X(! + zN )  

 

X(zN +!) = L(n)e
"i(2#n! )(zN +! )

n=0
N "1

$ =

L(n)e
"i(2#n! )

n=0
N "1

$ e
"i2#n!

      (11) 

z and n are integers and e!i2"n# = 1 . 

 
X(! + zN ) = L(n)e

"i(2#n! )
n=0
N"1

$ = X(!)       (12) 

3. SPECTRAL EVIDENCE 

For completeness we give the compelling spectral 
evidence for the truth that Fourier decomposition of the 
modified von Mangoldt function is periodic. Fourier 
transformation has been used for studying the 
behaviour of prime numbers for a long time and it was 
employed here to reveal the periodic distribution of the 
primes. Figure 2 shows that the corresponding 
amplitude spectrum of the modified von Mangoldt 
function exhibits a well-defined periodic signature. This 
suggests that the series of prime numbers is not an 
arbitrary function. Creating the superposition from the 
Fermat spiral frequencies by adding their amplitude 
and phase together, the original prime function can be 
restored.  

 
Figure 2: Representation of the modified von Mangoldt 
function up to 100. Spikes appear at the location of prime 
numbers.  

 
Figure 1: Parabolic or Fermat spiral using the consecutive 
frequencies. The arc length of the spiral is a function of the 
sampling interval.  
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Creating the superposition from the Fermat spiral 
frequencies by adding their amplitude and phase 
together, the original prime function can be arising.  

L(n) = Atft=0
f
max! sin (ft +"n)ft +!n( )        (13) 

From the wave sequence above, it can be seen that 
all primes have a last digit of 1, 3, 5 and 7 or 9 [4], so 
the music of the primes billow over the set of natural 
numbers and able to show some arithmetical 
progression, pattern of prime numbers [5,6]. Figure 5 
shows that new prime numbers are decreasing to 
infinity and that how many new primes we have for 
example in a 1000 number around 1000, 10^4, 10^5 
etc., so less and less amount of new frequencies 
requires to describe their pattern. 

 

Figure 5: Number of new primes in a 1000 number interval. 

 
Figure 3: The Discrete Fourier amplitude spectrum of the modified von Mangoldt function (a) DFT of primes between 2-10.000 
(continuous black line) and (b) DFT of primes between 1.0200*10^7-1.0201*10^7 (dotted grey line). 

 

 
Figure 4: Reconstruction of the modified von Mangoldt function from the Fourier decomposed periodic waves between 2-10.000 
(magnified from 2-30). The circles at the top of the spikes indicates the location of prime numbers.  
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Finding long arithmetic progressions in the primes 
attracted interest in the last decades as well. At the 
time of writing the longest known arithmetic 
progression of primes is of length 23, and was found in 
2004 by Markus Frind, Paul Underwood and Paul 
Jobling. Earlier Moran, Pritchard and Thyssen [7] found 
arithmetic progression length of 22. We can identify 
certain peaks on Figure 3, which are the reciprocate of 
distances of the primes in the arithmetic progressions. 

4. CONCLUSION 

We have presented a novel method for the 
detection of prime repetitions on the set of natural 
numbers. The method is based on a DFT of the 
modified von Mangoldt function. The relevance of the 
method for determination of the conformational 
sequences is described. 

REFERENCES 

[1] Hejhal D. The Selberg Trace Formula for PSL(2,R) - Volume 
I. Springer: Berlin, Heidelberg 1976. 

[2] Davenport H. Multiplicative Number Theory 2nd ed Springer: 
New York 1980. 

[3] Vardi I. Computational Recreations in Mathematica. Addison-
Wesley 1991. 

[4] Walfisz W. Zur additiven Zahlentheorie. II Math Z 40 1936; 
592-607. 
http://dx.doi.org/10.1007/BF01218882 

[5] Green B. Tao T. The primes contain arbitrarily long arithmetic 
progressions. Annals of Mathematics 2008; 167(2): 481-547. 
http://dx.doi.org/10.4007/annals.2008.167.481 

[6] Goldston DA, Pintz J, Yildirim CY. Primes in tuples IV: 
Density of small gaps between consecutive primes. Acta 
Arithmetica 2013; 160: (1)37-53. 
http://dx.doi.org/10.4064/aa160-1-3 

[7] Moran A, Pritchard P, Thyssen A. Twenty-two primes in 
arithmetic progression, Mathematics of Computation 1995; 
64(211): 1337-1339. 
http://dx.doi.org/10.1090/S0025-5718-1995-1297475-1 

 
Received on 26-01-2015 Accepted on 17-02-2015 Published on 02-04-2015 

DOI: http://dx.doi.org/10.15377/2409-5761.2014.02.01.1 

© 2014 L. Csoka; Avanti Publishers. 
This is an open access article licensed under the terms of the Creative Commons Attribution Non-Commercial License 
(http://creativecommons.org/licenses/by-nc/3.0/) which permits unrestricted, non-commercial use, distribution and reproduction in 
any medium, provided the work is properly cited. 
 


