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Approximation Properties of Bivariate Extension of q-Stancu-

Kantorovich Operators
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Abstract: In this paper we introduce a new g-Stancu-Kantorovich operators and we study some of their approximation
properties. Furthermore, a Voronovskaja type theorem is also proven.
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1. INTRODUCTION

In recent years, many researchers focused their
attention on the study of generalized version in g-
calculus of well-known linear and positive operators
[3-5, 7-9]. The goal of this paper is to introduce a
Kantorovich variant of g-Stancu operators and we
investigate their approximation properties and rate of
convergence using modulus of continuity. We mention
some basic definitions and notations from g-calculus.
Let g > 0. For each nonnegative integer k, the g-integer
[k] and g-factorial [k]! are respectively defined by

[kl=11-q
k, g=1,

k1= {[k][k—l]...[l]’ .

1, k£=0.

For the integers n, k satisfying n 2 k 2
binomial coefficients are defined by

ni_ [n]!
k| [k]'n—-k]"

k-1
We denote (a+b)" =[] (a+bg").

J=0

0, the g-

The g-Jackson integral on the interval [0,b] is
defined as

Jrodi=a-ap% r(a8)', 0<q<1,

provided that sums converge absolutely.

In [3], the authors introduced a g-type generalization
of Bernstein-Kantorovich operators as follows
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. . e[k t
Bﬂ,q(f,x);kz:::pnk {f[ []Jx] ] 1, (1)

where feC[0,1], 0<g<1 and p,,(¢;x)= {Z}
x*(1 —x)Z”‘.

In [1], inspired by Mahmudov and Sabancigil’s result
we introduce a g-type generalization of Stancu-
Kantorovich operators as follows

M}g t, (2)

(a,B)
SO (f,x)= ankw, )jf[ T

where0<a<pB,fe CJ[O, 1].

Lemma1.1.[1]Forallne N,xe [0,1]and 0 < q <
1, we have

S (Lx) =1,

o 2q [n] a 1
S( B) ,
()= i+ 1+ 8" [n+1]+ﬂ+[2]([n+l]+/3)

1
([n+1]+[3)2

FRCLEI T +q[”][4a +
(3] [2]

S0, x) =

4+7q+q2Jx+2a+l+az
(3] 2] [3] '

Lemma1.2. [1]Forallne N,xe [0,1]and 0 < q <
1, we have

An+17
(n+11+B)

{i(m-x);}( ) }
[n] [n] [n+1] [n+1]
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Sy ((t=x)",x) <

ng
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8(n+ 11
(n+11+B)

{i[x(l—xHLJ{L—LxJ }
[n]* [n] [n+1] [n+1]

where C is a positive absolute constant.

SyeP((t=x)",x) <

ng

Lemma 1.3. [1] Assume that 0<g <1, ¢, —1 and

q' —a,ac[0,1)asn — «. Then we have

lim[n]S) (1 — x,x) = _Lxax2f L, +% ,
lim[n]S,(I:’B’((t —x),x)=— %ﬁ +x

In [1], the following Voronovskaja type theorem for
g-Stancu-Kantorovich operators was obtained:

Theorem 1.4. [1] Let f” e ([0,1] and q, € (0, 1),

g,—1and ¢ ->a,ac[0,1)asn— ~. Then we have
lim{](S142'(f, )~ f(x)) =

(_#x+a+%jf'(x)+%(—%xz +XJf”(x)~

A convergence theorem for the g-Stancu-

Kantorovich operators was established in [1]:

Theorem 1.5. [1] Let (gn)n, 0 < gn < 1 be a sequence
satisfying the following conditions

limg =1, limg' =a,a € [0, 1). (3)

Then for any f e C[0, 1], the sequence {S;j;“( f,x)}

converges to f uniformly on [0, 1].

2. CONSTRUCTION OF THE
OPERATORS

BIVARIATE

In this section we propose a bivariate extension of
g-Stancu-Kantorovich operators. Let

S L[0,1]—Cl[0,1], i=12,

;.

the operators defined for any nq, n; € N, g4, g» € (0, 1)
and any g, h € [0, 1], respectively by

@p [k]+q/t+a
Snl,ql (g’x) an k(q]’x)_[ [ [ +1]+ﬁ dqt (4)

(aﬁ) [k]+g,t+ta
(s x) = an W(g,5x )j (—+l]+l3 dq.1 . (5)

The parametric extensions of (4) and (5) are the
operators SW S@P -1 4([0, 1]1x[0, 1]) —C([0, 1] *

X7 1y,q,5Y
[0, 1]), defined for any ny, n, € N and any f e L4([0, 1] x
[0, 1]) as follows:
o
y |dqpt,

) . o [Tk 1+qle +
:‘qf’) (f x,p)= anl,k, (ql;x)-o[f[[nl:]—l]Jrﬁ’

. & h [k,1+4q,t, + o
;qﬂ))(fxy) k;pnz’ q,;¥ J [x,m dq.t,

0

We construct a bivariate extension of the univariate
g-Stancu-Kantorovich operators for f eL4([0, 1]x [0, 1]),
g1, 2 € (0, 1) and ny, n, € N as follows:

seh (fixy)= > zl,pnpkl (4,:90p, , (4,:))

k,=0 k,=0

te [ [k]+qit +a [k2]+q;‘2t2+a
Mf[ [ +11+B  [n,+1]+B ]dq‘t'dqztz'

Lemma 2.1. We have

i) (a B)

Iqu

(fx )= S(I“‘qlﬁ’( S, (f5x, y))

i) S S (f X y) S@B (S(aﬁ) (f X, y))

KRCEIRY 4y a4y X

Proof. It follows

n L on,
s (5@ (£10.0))= 2 p, 0 (05%) [ X 1, (4259)
k=0 0 k,=0

b (k1+q't +a [k]+qt, +a

J [[ ql 2l dq,t,dq,t, =
0 [n, +1]+B [n,+1]+B

(B

Sy, (332).

Property (ii) can be proven in a similar way.

3. APPROXIMATION PROPERTIES OF THE BIVA-
RIATE Q-STANCU-KANTOROVICH OPERATORS

Using the Volkov criterion we shall prove a
convergence theorem for the bivariate g-Stancu-
Kantorovich operators. First, we recall the result due to
Volkov [10].

Theorem 3.1. Let ej(x, y) = xiy;,i,je N, x,y € Rbe
the two-dimensional test functions and
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I, J compact intervals of the real line. Let L

C(l x J) = C(l x J), (n4, np) € N x N be linear positive
operators. If

Iim L e,

Y,y —>e0

& =0 (1)) €{(0,0),(1,0),(0, D},

lim L - (ezo +€02)= e,te,,

ny 1y —>e0

then the sequence (L

oty

uniformly on | x J, f)

converges to f uniformly on | x J for any fe C(I x J).

Lemma 3.2. The bivariate g-Stancu-Kantorovich
operators satisfy the equalities

a) 8% (eix.»)=1
(a.B) . _ % [nl]
b) [CROILIRCS (eloax’y)_ [2] [}’l] +1]+ﬁx
+ o + ! :
[n,+11+ B [2]([n +1]+ )
(@.p) . _2& [n,]
C) sty 4159, (eOI’X’y) - [2] [}’12 +1]+ﬁy
+ o + ! :
[, +1]+B  [2](n, + 11+p8)’
Siiéf,)q.,qz (e“;x,y) =
9 {% (] X+ o + ! }
2] [n,+1+B [, +11+B [2]([n, +1]1+B)
129,  [n)] + o N 1 .
[2] [n, +1]+[3 [n, +11+ B [2]([n, +1]+B) ’
S0 (ewim )= s
0 ([n, +11+B)
q;(q,+ )[ T - 13 L 4iln] 4a+4+7ql+qf N
(3] [2] [3]
+2—a+L+a2};
(2] [3]
Sia;ﬁ)q 2, €022 %Y ;z
f ”’"Z( ) ([n2+1]+ﬂ)
qj(q2+2)[n n, - 1 ¢ Lol7%] o 791G
[3] 2 (2] (3]

Applying Theorem 3.1 and Lemma 3.2, the following
result holds.

Theorem 3.3. If the sequences (g,, ) and (q,, )
satisfy conditions

(6) limg"

n—>ee b

,=a,<land limg, =1, i=12
in the interval (0, 1), then the sequence of bivariate
generalized Stancu-Kantorovich qu“/” (f3x,y) co-

[0, 1]).

Using Shisha-Mond theorem [6] for the bivariate
case we study the rate of convergence of S§*P

150y 4y 54,
operators in terms of the first order modulus of
smoothness .

nverges uniformly to f(x, y) for any f e C ([0, 1] x

Definition 3.1. Let f: | x J — R be a real valued
bounded function, where | and J are compact intervals

on the real line. The function ws: [0,) x [0,°) — R
defined by

Wy (84, O2) = sup {[f(x1, y1) = f(x2, y2)| : (X1, Y1), (X2, ¥2) €
I'x J, |x1 = y1| <84, [X2 = y2| < B2}

is called modulus of continuity of the bivariate function.

Let | and J be compact intervals on the real line and
B(I x J) the set of bounded functions defined on 7x.J .

Theorem 3.4. ([2]) Let L: C(IxJ) — B(IxJ) be a
linear positive operator and let @,: IxJ — R, ¢y IxJ - R
be defined as ¢(s, t) = |s—x]|, respectively @,(s, t) = |t -
yl, (s, 1), (x,y) € I x J. Forany fe C(l x J), (x,y) e | x J,
94> 0, &, > 0, the following inequality

|Lf Ces )= £ e )| | £ (e p)| - Ly (6, )= 1]
{1, (x,)+ 67 [Ley (v ) 197 (x.7)

+87"[Ley, (x.7) Lo (x. )

+6,'5;" L (6. 1) Lo (v 1) L9 (5. [0,(6,.6,)

holds, where w:; denotes the bivariate modulus of
continuity.

Using Lemma 3.2 we obtain the following
expressions for the first and second central moments.

Lemma 3.5. The bivariate g-Stancu-Kantorovich
operators satisfies the equalities

(a.B) ( . ) _
S—X,X =
1y 4,4, XV

2, [n]
[2] [n, + 11+

a) S

1
21([n +11+B)’

—1]x+ « +
[n,+1]+ B
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b) S,ﬂf;ffql’qz (t—y;x, y): liﬁmm[n]{S:i’i)wm (f3x,)- f(x, y)}
(Zqz [n,] 1}” o 1
(2] [n, +1]+ 8 [n, +1]+ 8 [21(n, +1]+ )’ =%{[—(Ha+2ﬁ)x+2a+1]fg’(x,y)+
0 Sﬁfxnf)q, i ((p o y) [-(+a+2B)y+2a+1]f/(x.y)
2 , . 2a+1
q1(611+2)_ [nl][nl_l]z_%' [n,] 1 4 +(_2a3+1 +xjf (x, y)+(—aTy +y]f (x, y)}
Bl (i +14p) [2] [n +1]+p

Proof. Let f € C? ([0, 1] x [0, 1]) and (X0, Yo) €
1 {[2]( q,[n] [4a+4+7ql+ql j_2[a+ 1]} [0, 1]X[0, 1] be fixed point. By the Taylor formula, it

[m+1]1+B [n,+1]+B) [3] 21 follows
x+1(2a L az], F5)= £33+ L1y Nt =X+ £y, s = 3,)
(n,+n+p) \[2 B

#5275, ) - 3,)

@ S0 (0x0)=
1700 0,) (5= 3, }

@, +2) [nln -1 4q,  [n]

. — Dl 4ty
Bl (i +n+p) 2 [ +1+B +(t.5)((1—x,)" + (5= 3,)°).
| { a,in] [ 4+7g +q2J ( 1 j} where (t, s) € [0, 1]%[0, 1] and hm (p(t s)=0. From
2 4o+ 22 -2l o+ — S 00:%)
[” 0+ B {211, +1]+ﬁ) 3] (21 the linearity of S“”  we have
1 za 1 , e WAL PN
yt— E+ﬁ+a .
([n2 +1]+ﬁ) S,EO;Z) (f(t s); xo,yo) G+ £1(x059,)
Taking Theorem 3.4 and Lemma 3.5 into account, Sij’f,i”,qzv” (t_xo;x()’yo)

we shall prove
+ £/ )8R (5= 3303, )+

1.4y 592

Theorem 3.6. If the sequences (g,, ) and (q,, )

. . . . [ e ,
satisfy conditions (6) in the interval (0, 1), then E{f* S;!”Z)_wq“ ((t—xO)ZDxO,yO)

((l B) X X < 4(0 6 5 ” a,
‘ i o (f y) f( y)‘ ( ! 2) +2fxy(x09y0)S:n§) s, ((t_xo)(s_yo);xo’yo)
where S HCRAL I (CEER e

o o, . (a,B) _ 2 _ 2.

0, = S;Jffql’qz ((pf;x,y) and 6, = Sf(u,nf»)qpqz ((pj,x,y) . +S"’"»qlmm ((P(t,S)((t X)) +(s—,) ),xo,yo)
4. A VORONOVSKAYA-TYPE THEOREM FOR = /(X 3+ [l )S” (1=, )+ £7(x,7,)
BIVARIATE OPERATORS (@.B)

Sn,q;_’Z (S - yO’yO)
In this section we prove a Voronovskaya type
theorem for bivariate extension of g-Stancu- 1{ ” (a,[i)( 2, ) ”
+— X,y.)S t—x ) ;x |+2f7(x,,
Kantorovich operators. Sa 0038, ( O) S50
SeP (t—x x )SEP (s—y;y
Theorem 4.1. Let (¢,,) and (q,, ) be sequences in Ml ( ‘ 0) " ( ‘ 0)

the interval (0, 1) satisfying (6). Suppose that . )
+ﬁ,z(x0,y0)5(“ﬁ)((s o) 3y )}

ng

fe C? ([0, 1] % [0, 1]). Then for every (x, y) € [0, 1] % ) .
[0, 11, one has S0 {p(es)((t=x,) + (5= 3,033, )
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By the Holder inequality, we have 1, 1) =y Py g-StancuKantorovich Operators

Sl (P (=5 + =3 )ix,05,)

n

172
(a.B) 2 .
= {S"’"’ql,qu,n ((p (t,s),xo,yo )}

2
fsen (=5 +=) o, |

172

< \/E{S(a,ﬁ) ((pZ(t,s);xO,yO )}1/2

Gy 92 0

(@.8) 4 (@.8) 4 "
: {Sn,n’,‘hﬂ A2 n ((t - xo) ;xo ’ yo ) + S"»”’-ql,m‘h‘n ((S N yo ;XO ’ yo )} '
Using Theorem 3.3, we obtain Figure 1:

1imS(a‘ﬁ) ((pz(t,s);x()’yo):(pz(x()?yo)zo’

n—oo Ay 542,

f(x,y)=x2y2+x2y-y2 q-Stancu-Kantorovich Operators
but from Lemma 1.2 we have i

s (i on) o[ e
2 o on) o gy )

therefore

},EE §@h ((p(t,s)((t - X, Y +(s— A )2);x0,)’o) =0.

14 92 0
Then using Lemma 1.3 theorem is proved.

5. NUMERICAL EXAMPLES

In this section we give some numerical results using Figure 2:

Matlab and we show that when 0 < g4< 1,0 < g, <1
and n4, np are increasing, the maximum error is
smaller, as follows from the convergence properties of =@y ecyy? 9:StanouKantomvich Operetors
g-Stancu-Kantorovich operators.

Let us consider function f R®> — R, fix, y) = X’y* +
Py -y
Example 5.1. For ny =100, n, =100,a =2, b = 3,

q: = 0.6, g, = 0.6, it follows the maximum error is
0.687918104177673.

Example 5.2. For n; =400,n,=400,a=2,b=3,q4 =
0.8, g = 0.8, it follows the maximum error is
0.445396492537402.

Example 5.3. For n, = 800, n, =800,a=2,b=3,q4 =
09, g = 0.9, it follows the maximum error is

0.275784239758968.
Figure 3:
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