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1. INTRODUCTION

Throughout the paper R will denote an associative
ring with centre Z(R). Recall that R is prime if for any
a,b € R, aRb= {0} implies that either o =0 or
b= 0 and is semiprime if for any a € R, aRa = {0}
implies that a = 0. Aring R is said to be a 2 -torsion
free if 2¢ = 0 for x € R implies that z = 0. We shall
write for any pair of elements z,y € R the commutator

[2,y] = 2y —yz. We will frequently use the basic
commutator identities:  [zy,z] = 2y,2] + [z,z]ly and
[z,y2] = Y|z, 2]+ [z,y]z for all z,y € R. An additive
mapping d : R — R is called a derivation if
d(zy) = d(z)y + zd(y) holds for all z,y € R. Let a be
an automorphism of a ring R. An additive mapping
d: R—R is called an a-derivation  if
d(zy) = d(z)a(y) + 2d(y) holds for all z,y € R. Note

that the mapping d = a—1 is an « -derivation. Of
course, the concept of a -derivation generalizes the
concept of derivation, since [ -derivation is a
derivation. An additive mapping F : R — R is called

a generalized derivation with an associated derivation
d of R if F(zy) = F(z)y + 2d(y) holds for all z,y € R.

Every derivation is a generalized derivation of R. A
mapping f : R — R is called centralizing if
[f(z),z] € Z(R) holds for all z € R, in the special case
when [f(z),z] = 0 holds for all z € R, the mapping f
is said to be commuting on R . Analogously a mapping
f:R—R is called skew-centralizing if
f@)x + zf(z) € Z(R) and is called skew-commuting if
f(z)x + zf(z) = 0 holds for all z € R. Posner [9] has

proved that the existence of nonzero centralizing
derivation on a prime ring forces the ring to be
commuttative. Mayne [8] proved that in case there
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exists a nontrivial centralizing automorphism on a
prime ring, then the ring is commuttative.

Bresar [2] has proved that if R is a 2-torsion free
semiprime ring and f : R — R is an additive skew-
commuting mapping on R, then f = 0. Vukman [13]
proved that if there exist a derivation d : R — R and
an automorphism « : R — R, where R is 2-torsion
free semiprime ring such that [d(z)z + za(z),z] = 0
holds for all z € R, then d and a— 1, where |
denotes the identity mapping, map R into its center.
We extend Vukman results for generalized derivation.

2. MAIN RESULTS

We begin with the following Lemmas which are
essential to prove our main results.

Lemma 2.1. [12, Lemma 1] Let R be a semiprime
ring. Suppose that the relation axb + bzc = 0 holds for
al ze€ R and some a,b,c e R. In this case,

(a + c)zb = 0 is satisfied forall z € R .

Lemma 2.2. [14, Lemma 1.3] Let R be a semiprime
ring. Suppose that there exists « € R such that
alz,y] =0 holds for all z,y€ R. In this case,

a € Z(R).

Lemma 2.3. [10, Proposition 2.3] Let R be a
semiprime ring and let d : R — R be a commuting «

-derivation on R. In this case, d maps R into its
center.

Lemma 2.4. [13, Theorem 6] Let R be 2 -torsion
free semiprime ring and let f : R — R be an additive
centralizing mappings on R. In this case, f is
commutingon R.

Lemma 2.5. [13, Lemma 3] Let R be a semiprime
ring and let f : R — R be an additive mapping. If
either f(z)z = 0 or zf(z) = 0 holds for all z € R, then

f=0.
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In [13, Theorem 4] Vukman proved that if R is a
semiprime ring, d : R — R is a derivation of R and

a is an automorphism of R such that the mapping
z — d(z) + o(z) is commuting on R, then d, a—1
map R into Z(R), the centre of R. We extend the

result replacing d by a generalized derivation F of R
as follows:

Theorem 2.1 Let R be a semiprime ring. Suppose

that F : R — R is a generalized derivation with an
associated derivation d : R — R and a« : R — R is
an automorphism such that the mapping

z — F(z) + o(z) is commuting on R. In this case, d
and o — I map R into Z(R).

Proof: The linearization of the relation
[F(z) + o(z),2z] = 0 for all z € R, (1)
gives;

[F(z) + a(x),y] +

Taking yz instead of y in (2) and using (1), we obtain

[F(y) + a(y),r] = 0 for all z,y € R,(2)

[F(z) + oA2),ylz + [F(y), 2]z + yld(2), 2] + [y, 2]d(z)
+Ha(y), z]a(z) + a(y)[e(z),z] = 0 for all z,y € R.
According to relation (2) one can replace in the above
relation  [F(z) + o(x),ylz + [F(y),zlz by —[aly),z]z
which gives

[aly), 2]G(2) + yld(w), 2] + [y, wld(z) +
a(y)[a(z),z] = 0 for all z,y € R,

(3)

(4)
where G(z) denotes a(z) — z. Replacing zy for y in
(4) we get

(), 2la(y)G(2) + alz)[aly), 2|G(2) + zy(d(z), 2] (5)
+aly, z]d(z) + (z)ely)[e(z),z] = 0 for all z,y € R.

Replacing «(y) by y in the above relation, we obtain

[al2), 2lyG(2) + a(@)[y, 2|G(2) + ayld(z), 2] +
2y, zld(x) + a(z)y[elz), 2] = 0 for all z,y € R.

Left multiplying (4) by z, replacing
subtracting from (6), we get

[G(2), z]yG(z) + G(2)[y,
=0 for all z,y € R,

(6)

a(y) by y and then

0@ + OO A

where [a(z),z] = [G(z),z], which reduces to

2G(2)yG(z) + G(z)y(—G(z)x) = 0 for all z,y € R. (8)

Applying Lemma 2.1, the above relation gives
[G(2),z]yG(z) = 0 for all z,y € R. 9)
Substituting yz for y in (9), we obtain

[G(2),z]yzG(z) = 0 for all z,y € R. (10)

Right multiplying (9) by z and then subtracting from
(10), we get

[G(2),z]y[G(z),2] = 0 for all z,y € R. (11)
Semiprimeness of R yields that

[G(z),z] = 0 for all z € R. (12)

We have therefore, [a(z),z] = 0, for all z € R, which
gives together with the relation (1) yields that

[F(z),z] =0 for all z € R. (13)
Linearization of the above relation gives

[F(z),y] + [F(y),z] = 0 for all z,y € R. (14)
Replacing yz for y in (14)and using (13), we obtain
[F(z),y]z + [F(y),z]x + [yd(z),z] = 0 for all z,y € R.(15)

Right multiplying (14) by z and then subtracting from
(15), we get

[yd(z),z] = 0 for all z,y € R. (16)

Substituting d(z)y for y in (16) and using (16), w
obtain

[d(z),z]yd(z) = 0 for all z,y € R. (17)
Replacing y by yz in (17), we get
[d(z),z]yzd(z) = 0 for all z,y € R. (18)

Right multiplying (17) by z and then subtracting from
(18), we obtain

[d(z),z]y[d(z),z] = 0 for all z,y € R. (19)

Semiprimeness of R yields that

[d(z),z] =0 for all z € R. (20)
We have therefore proved that G and d are both

commuting on R . Now Lemma 2.3 completes the proof
of the theorem.
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Corollary 2.1. Let R be a 2-torsion free semiprime
ring. Suppose that F : R — R is a generalized

derivation with an associated derivation d : R — R
and o« : R — R is an automorphism such that the
mapping = — F(z) 4+ a(z) is centralizing on R. In this
case, d and a« — I map R into Z(R).

Proof: The proof is an immediate consequence of
Lemma 2.4 and Theorem 2.1.

Corollary 2.2 Let R be a noncommutative prime
ring of char r -« 2. Suppose that F : R — R is a

generalized derivation with an associated derivation
d: R—- R and a : R— R is an automorphism

such that the mapping =z — F(z) 4+ o) is centralizing
on R.Inthiscase, d =0 and a = I.

In [13, Theorem 10] Vukman proved that If R is a
semiprime ring, d : R — R is a derivation of R and

a is an automorphism of R such that the mapping
d(z)z + z(o(z) —2z) = 0 forall z € R, then d =0 and

a = I. We obtain the result in case of a generalized
derivation as follows:

Theorem 2.2 Let R be a semiprime ring. Suppose
that ' : R — R is a generalized derivation with an

associated derivation d : R —- R and o« : R — R is
an automorphism such that F(z)z 4+ z(a(z) —2) = 0
forallz ¢ R,thend=0and a=1.

Proof By hypothesis, we have
F(z)z + 2G(x) = 0 for all z € R, (21)

where G(z) stands for a(z) — z. Replacing =z by =z + y
in (21) and using it, we get

F(2)y + F(y)z + 2G(y) + yG(z) = 0 for all z,y € R.(22)
Substituting yz for y in (22), we obtain

F(z)yz + F(y)z® + yd(z)z + 2G(y)o(z) +

(23)
zyG(z) + yzG(z) = 0 for all z,y € R.

Right multiplying (22) by z and then subtracting
from (23), we get
yd(z)z + 2G(y)G(z) + 2yG(z) + y2G(2)

24
—yG(z)xr = 0 for all z,y € R. (24)

Replacing y by zy in (24), we get

ayd(z)z + 2G(2)a(y)G(2) + 2°G(y)G(x) + 2%y G(z) +

(25)
2yrG(z) — zyG(x)z = 0 for all z,y € R.

Alj et al.
Left multiplying (24) by z, we obtain

zyd(z)r + 7°G(y)G(z) + 2*yG(z) + 1yrG(2) (26)
—zyG(z)r = 0 for all z,y € R.

Comparing (25) and (26), we get

zG(z)o(y)G(z) = 0 for all z,y € R. (27)
Replacing «o(y) by y in (27), we obtain

zG(z)yG(z) = 0 for all z,y € R. (28)
Replacing y by yz in (28), we get

2G(z)yzG(z) = 0 for all z,y € R. (29)
Semiprimeness of R yields that

zG(z) = 0 for all z € R. (30)

Applying Lemma 2.5, we get G = 0. Using this
relation in (21) we obtain F(z)z =0 for all 2 € R.
Again by Lemma 2.5 we get F' = 0. This implies that

F(z) =0 for all z € R. (31)
Replacing = by zy in (31) and using (31), we obtain
zd(y) = 0 for all z,y € R. (32)

In particular zd(z) =0 for all z € R. By Lemma 2.5,
we conclude that d = 0.

The following theorem is an extension of Theorem
11 of [13].

Theorem 2.3 Let R be a semiprime ring. Suppose
that ' : R — R is a generalized derivation with an

associated derivation d : R —- R and o« : R — R is

an  automorphism such that the mapping
z — F(z)r 4+ za(x) is commuting on R. In this case,

d and a—1 map R into Z(R).

Proof: We have the relation
[F(z)z + za(z),z] = 0 for all z € R. (33)
Linearization of (33) yields that

[A(z),y] + [F(z)y + F(y)z + valy) +

34
ya(z),z] = 0 for all z € R, (34)

where A(z) stands for F(z)z + za(zx). Replacing yz
for y in (34), we get

[A(2),ylr + [F(2)y + F(y)z,z]x + [yd(z)z, 2] +

o)), + o) s = 0 for all myeR O
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According to (34), one can replace in the above relation
[A(z),y]z + [F(z)y + F(y)z,z]lz by —[za(y) + ya(z),z]z,
to obtain

zlafy), z|G(z) — yla(z), 2l + [y, 2][af@), 2] +
yld(z),zlr + [y, zld(z)z + za(y)|afz), 2] (36)
+yrlafx),x] =

where G(z) denotes a(z)— z. Substituting zy for y
and y for o(y) in (36), we get

=

[a2), 2lyG(z) + wa(z)[y, 2]G(x) — ayla(z), xle
+aly,xl[a(z), 2] + ayld(z), z]e + aly, 2]d(z)e + (37)
za(z)ylofz), 2] = 0

Left multiplying (36) by z, we get

z*[aly), 2]G(x) — aylalz), 2l + aly,a][a(z), 2] +
wyld(z),zlo + aly, 2]d(z)o + 2%a(y)[a(z), 2] + (38)
zyrla(z),z] + 2ly, z]za(z) = 0 for all z,y € R.
Substituting a(y) for y in (38), we have

2’[y,G(z) — wyla(z), 2]z + afy,z][a(z),2] +

wyld(z), e + aly, zld(2)r + 2*ylal@),2] + (39)

zyrja(z),x] = 0 for all z,y € R.
Subtracting (37) from (39), we obtain

2G(z),zlyG(x) + 2G(2)y[G(z),x] +

zG(z)[y,z]G(x) = 0 for all z,y € R, (40)

where [G(z),z] = [a(z),z]. Collecting terms, the above
relation can be written as

—2’G(2)yG(z) + 2G(2)yG(z)x = 0 for all z,y € R.(41)

Substituting yx for y in the above relation, we get

—2%G(2)yaG(z) + 2G(2)yaG(z)z = 0 for all x,y € R. (42)
Applying Lemma 2.1, we get
2[G(z),z)yzG(z) = 0 for all z,y € R. (43)

Putting first in the above relation yxz for y, then

multiplying the relation (43) from the right side by «z,
and then subtracting the relations so obtained one from
another, we arrive at z[G(z),z)yz[G(z),z] = 0 for all

z,y € R, whence it follows that
zla(z),z] = 0 for all z € R. (44)

Applying (44) in (33), we get

[F(z),z]z = 0 for all z € R. (45)
Linearizing (44), we obtain
dao(z),y] + 2laly),z] + yla(z),z] = 0 for all z,y € R.(46)

Substituting zy for y in (46), we get

2*[afz),y] + va(z)[aly), 7] + wy[a(z),2] = 0 for all z,y € R. (47)

Left multiplying (46) by 2 and then subtracting from
(47), we obtain

zG(z)[a(y),z] = 0 for all z,y € R. (48)

Substituting y for a(y) in the above relation, we get

zG(z)[y,z] = 0 for all z,y € R. (49)
Replacing y by yz in (49), we arrive at

zG(z)y[z,z] = 0 for all z,y,z € R. (50)
Linearization of z and w in (50), yields that

2G(z)y(z, w] + 2G(w)ylz z] + wG(2)y[2 2]

(51)
=0 for all z,y,z,w € R.

Putting in the above relation [z,w]yzG(z) for y and

applying the relation (49), we obtain
(zG(z) [z, wly(zG(z)[z,w]) = 0  for all z,y,2,w € R,
Semiprimeness of R gives

zG(z)[z,w] = 0 for all z,y,zw € R. (52)
Applying Lemma 2.5, we obtain

G(x)[z,w] = 0 for all z,z,w € R. (53)
By Lemma 2.2, we conclude that G(z) € Z(R) for all

z € R. In other words, a—1 maps R into Z(R).
Linearization of (45) gives

[F(z),y]z + [F(y),z]z + [F(z),z]y = 0 for all z,y € R.(54)
Replacing y by yz in (54), we get

[F(z),y)2” + [F(y),z)2” + [yd(z), 2]z +

(55)
[F(z),zlyz = 0 for all z,y € R.

Right multiplying (54) by z and then subtracting from
(55), we obtain

[yd(z),z]x = 0 for all z,y € R. (56)

Replacing y by d(z)y in (56) and using (56), we get
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[d(z),z]yd(z)z = 0 for all z,y € R. (57) Linearization of (64) yields that
Replacing y by zy in (57), we obtain [F(y),z] + [F(2),y] + [[a(y), 2], 2] + [[a(=),y], 2] (65)

[d(z),z]zyd(x)z = 0 for all z,y € R. (58)

Putting first in the above relation yz for y, then
multiplying the relation (58) from the right side by «z,
and then subtracting the relations so obtained one from
another, we arrive at [d(z),z]zyld(z), z]z
=0 for all z,y € R.

Semiprimeness of R gives
[d(z),z]z = 0 for all z € R. (59)
Hence by [11, Theorem 11], d maps R into Z(R).

Theorem 2.4 Let R be a 2-torsion free semiprime
ring. Suppose that F : R — R is a generalized

derivation with an associated derivation d : R — R
and « : R — R is an automorphism such that
[F(z),z] + o(z),z] =0 for all z € R.
and o — I map R into Z(R).

In this case, d

Proof By hypothesis, we have
[[F(z),z],z] + [(z),2] = 0 for all z € R. (60)

Linearization of (60) yields that

([F(y), 2l 2] + [[F(x),y], ] + [[F(2),z],y] +

[a(y),z] + [a(z),y] = 0 for all 2,y € R, (61)

Replacing y by z in (61) and using (60), we get
[[F(z),z],z] = 0 for all z € R. (62)

By [5, Theorem 3.4], d maps R into Z(R). Using
(62) in (60), we obtain

[(z),z] =0 for all z € R. (63)

Now Lemma 2.3 completes the proof of the
theorem.Similarly we can prove the case
[F(z),z] — a(z),z] = 0 forall z € R.

Theorem 2.5 Let R be a 2-torsion free semiprime ring.
Suppose that F' : R — R is a generalized derivation
with an associated derivaton d : R — R and
a: R— R is an automorphism such that
[[F(z) £ [(z),z],2] = 0 for all z € R. In this case, R
is commutative and d maps R into Z(R).

Proof: By hypothesis, we have

[F(z),z] + [[afx),2],2] = 0 for all x € R. (64)

H[a(z),z],y] = 0 for all z,y € R,

Replacing y by z in (65) and using (64), we get

[[(z),z],2] = 0 for all z € R. (66)
This implies that

[z,]z,a(z)]] = 0 for all z € R. (67)

Replacing «(y) by y in (67) to get

[,[z,y]] = 0 for all z,y € R. (68)

This implies that [z,y] € Z(R) for all z,y € R.
Therefore we can write

[[z,y],r] = 0 for all z,y,r € R. (69)

Substituting yz for y in (69) and using (69), we get

[z,9][z,r] = 0 for all z,y,r € R. (70)

Replacing r by ry in the above relation and using
it, we obtain

[z,y]r[z,y] = 0 for all z,y,r € R. (71)
Semiprimeness of R yields that

[z,y] = 0 for all z,y € R. (72)
This implies that R is commutative. Putting (66) in

(64) to get

[F(z),z] =0 for all z € R. (73)

By Theorem 2.1 we obtain d maps R into
Z(R).Similarly ~ we  can prove the case

[F(z) — [(z),z],2] = 0 forall z € R.

Theorem 2.6 Let R be a 2-torsion free semiprime
ring. Suppose that F : R — R is a generalized

derivation with an associated derivation d : R — R
and « : R — R is an automorphism such that
[F(z) £ (z),z],2] = 0 for all z € R. In this case, d
maps R into Z(R) and R is commutative.

Proof By hypothesis, we have
[F(z),z],2] + [[a(z),z],z] = 0 for all z € R. (74)

Linearization of (74) yields that
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a generalized derivation with an associated derivation
d and d = a—1I is an a -derivation of R satisfying
the hypothesis of Theorem 2.1 - Theorem 2.6. But R is
not commuttative.
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