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1. INTRODUCTION AND PRELIMINARIES 

Let U and S be any semigroups with U a 
subsemigroup of S. Following Isbell [6], we say that U 
dominates an element d of S if for every semigroup T 
and for all homomorphisms α, β: S → T, uα = uβ for all u 
∈ U implies dα = dβ. The set of all elements of S 
dominated by U is called the dominion of U in S, and 
we denote it by Dom(U, S). It is easily seen that Dom(U, 
S) is a subsemigroup of S containing U. A semigroup U 
is said to be closed in S if Dom (U, S) = U and U is 
absolutely closed if it is closed in the class of all 
semigroups. If Dom(U, S) = S for every properly 
containing semigroup S, then U is said to be saturated. 
Following Higgins [4], a semigroup U is said to be 
supersaturated if every morphic image of U is 
saturated. Further a semigroup U is said to be 
epimorphically embedded in S if Dom(U, S) = S.  

A morphism α: S → T is said to be an epimorphism 
(epi for short) if for all morphisms β,γ, the relation  
αβ = αγ implies that β = γ (where β, γ are semigroup 
morphisms). It can be easily checked that α: S → T is 
epi if and only if i: Sα → T is epi and the inclusion map i: 
U → S is epi if and only if Dom(U, S) = S. Onto 
morphisms are always epimorphisms, but the converse 
is not true in general in the category of all semigroups. 
Infact every epimorphism from a semigroup U is onto is 
just to say that U is supersaturated. 

A most useful characterization of semigroup 
dominions is provided by Isbell’s Zigzag Theorem. 

Proposition 1.1. ([6, Theorem 2.3] or [5, Theorem 
VII.2.13]). Let U be a subsemi-group of a semigroup S 
and let d ∈ S. Then d ∈ Dom(U, S) if and only if d ∈ U or 
there exists a series of factorizations of d as follows: 
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where m !1, ai "U(i = 0,1,...,2m), xi , yi "S(i = 1,2,...,m),  
and 

a0 = x1a1,   a2m−1ym = a2m, 

a2i-1yi = a2iyi+1, xia2i = xi+1a2i+1 (1 ≤ i ≤ m−1). 

Such a series of factorization is called a zigzag in S 
over U with value d, length m and spine a0, a1,...,a2m. We 
refer to the equations in Proposition 1.1, in whatever 
follows, as the zigzag equations.  

For any unexplained notations and conventions, 
one may refer to Clifford and Preston [2] and Howie [5].   

2. SUPERSATURATED SEMIGROUPS 

The class of supersaturated semigroups has not 
been explicitly considered before as there was no 
known example of saturated semigroup with a morphic 
image which was not saturated. Indeed many of the 
known classes of semigroups are closed under the 
taking of morphic images. But, In 1985, Higgins has 
given the example of saturated semigroups whose 
morphic image is not saturated, see [4].  

A semigroup S is said to be right [left] reductive with 
respect to X if xa = xb [ax = bx] for all x in X ⇒ a = b (a, b 
! S), where ! is a subset of !. A semigroup S is said 
to be globally idempotent if for all s ! S, there exist x, y 
! S such that s = xy or equivalently S2 = S. The following 
proposition is from Higgins [3]. 

Proposition 2.1. ([3,Theorem 8]). A semigroup U is 
saturated [supersaturated] if the ideal Un is saturated 
[supersaturated] (for some natural number n). In 
particular, a finite semigroup is saturated 
[supersaturated] if the ideal generated by the 
idempotents is saturated [supersaturated]. 
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Before, it was unknown whether or not converse of 
the above proposition is true. But in this paper, author’s 
successfully answered the question and showed that 
the converse part is also true. However, it is not known 
whether or not an ideal of a saturated [absolutely 
closed] semigroup is saturated [absolutely closed]. In 
[4], Higgins, however, has shown that the converse of 
the above proposition holds in some special cases and 
has proved that if S is supersaturated commutative 
semigroup, then the same is true for any globally 
idempotent ideal. He has, in fact, shown the following: 

Proposition 2.2. ([4, Theorem 14]). Let S be a 
saturated semigroup and suppose that U is a 
commutative ideal of S such that Un is globally 
idempotent for some natural number n. Then U is 
supersaturated. 

Khan and Shah [7] generalized this proposition by 
taking U as a permutative globally idempotent ideal 
satisfying a permutation identity x1x2 ···xn = xi1xi2 ···xin for 
which i1 = 1 and in !  n and thus, relaxed the 
commutativity of U. Further, Alam and Khan [1] extend 
this proposition by taking U as a permutative globally 
idempotent ideal satisfying a seminormal permutation 
identity and, thus, relaxed the right semicommutativity 
of U. In fact, they have proved the following: 

Theorem 2.3. Let S be a supersaturated semigroup 
and let U be any ideal of S satisfying a seminormal 
permutation identity. If Un is globally idempotent for 
some natural number n, then U is supersaturated. 

In this paper, finally, we are able to prove the 
converse of Higgin’s result that any ideal of a 
supersaturated semigroup is supersaturated. 

The following proposition of Alam and khan [1] is 
very important in proving our main theorem. 

Proposition 2.4. ([1, Lemma 2.7]) Suppose that 
a globally idempotent semigroup U is not super-
saturated. Then there exists a non-surjective 
epimorphism ϕ: U → V such that V is right and left 
reductive with respect to Uϕ. 

Theorem 2.5. Let S be a supersaturated 
semigroup and let U be any ideal of S. If Un is globally 
idempotent for some natural number n, then U is 
supersaturated. 

Proof. If we prove that Un is supersaturated, then 
the theorem follows by Proposition 2.1. So, we assume 
that U is globally idempotent ideal satisfying a semi-
normal permutation identity. Suppose to the contrary 
that U were not super-saturated. Then, by Proposition 

2.4, there exists a non-surjective epimorphism ! : 
U! V  such that V  is right and left reductive with 
respect to U!  (which we shall denote by U  up to 
isomorphism). 

Let ρ = !  ◦ !
-1 

 
! /S. Then, clearly ρ is an 

equivalence relation on S. Next, we show that ρ is a 
congruence on S. For this we are required to show that 
if u,v ! U and w ! S\U, then u!  = v!  implies that 
(uw)!  = (vw)!  and (wu)! =(wv) ! . 

To prove the first equality, suppose that u, v ! U 
and w ! S\U and (uw) ! !  (vw) ! . Since V  is left 
reductive with respect to U , there exists x ! U such 
that 

(uw)!x! = (vw)!x!.Now((uw)x)! = ((vw)x)!

" (u(wx))! = (v(wx)))! " (wx)!u! = (wx)!v!.

Henceu! = v!.

 

Therefore, the statement 

u! = v! " (uw)! = (vw)! " #  is a right congruence.  

Next we show that ρ is a left congruence. Suppose 
that u,v ! U and w ! S\U and (wu) !  !  (wv) !  . Since 
V is right reductive with respect to U , there exists x ! 
U such that x! (wu) !  !  x! (wv) ! . Now (x(wu)) !  !  
(x(wv)) ! ⇒((xw)u) !  !  ((xw)v)) !  ⇒ (xw) ! u!  !  (xw) 
! v! . Hence u!  !  v! .  

Again we conclude that the statement u!  = v!  
implies that (wu) !  = (wv) ! . Therefore ρ is a left 
congruence and, hence, a congruence. Denote S/ρ by 
S. Then U♮ = U  (up to isomorphism).  

Now we form the amalgam A of S  and V  with core 
U . We extend the partial operation on A to an 
associative multiplication. For this take any a ! S \U  
(= S\U), v ∈ V \U  and factorize v as v = u1y1 = y'1 u'1 

(where u1, u'1 ! U ; y1, y'1 ! V \U ). Now define av = 
(au1)y1 and va = y'1 (u'1 a). We first show that this is a well 
defined binary operation. For this suppose that v = u2y2 
= y'2 u'2 (where u2, u'2 ! U and y2, y'2 ! V \U ). Then for 
any x ! U , as u1y1 = u2y2, we have 

(xa)u1y1 = (xa)u2y2  

  ⇒ ((xa)u1 )y1 = ((xa)u2 )y2   (by associativity of V ) 

  ⇒ (x(au1 ))y1 = (x(au2 ))y2   (by associativity of  S ) 

  ⇒ x((au1 )y1 ) = x((au2 )y2 )  (by associativity of  V  ). 
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As  V   is right reductive with respect to U , we have 
that (au1)y1=(au2)y2 and, therefore, the operation is well 
defined. 

Now, we verify the associativity of the above 
operation. For any a′ ∈ S \U, we have a′(av) = a′(au1y1) = 
(a′au1)y1 = (a′a)u1y1 = (a′a)v (by associativity of  V   and 
 S  respectively). 

Similarly, for any v′ ∈ V, it can be shown that (av)v′ = 
a(vv′). The only case that requires some attention is to 
show that (av)a′ = a(va′), where a′ ∈ S,v ∈  V  . For this, 
factorize v as v = a1ya2 (where a1, a2 ∈  V  \U). Now 

(av) !a  = (a(a1ya2 )) !a  (as 
 
v = a1 ya2 ) 

= ((aa1 )ya2 ) !a  (as 
 
aa

1
 !U " S ) 

= (aa1 )(ya2 ) !a  (by associativity of  V ) 

= (aa1 )y(a2 !a )  (as 
 
 a

2
a ! U " S  ) 

 
= (aa1 )(ya2 !a )  (by associativity of  V ) 

 
= a(a1 ya2 !a )  (by associativity of  V ) 

 
= a(v !a ),  

as required. 

We, now, have S ! A = Dom(S ,A).  

This contradicts the fact that S is supersaturated. 

Hence the theorem is proved.            2 

Open Question. Is an ideal of a saturated 
[supersaturated] semigroup a saturated [super-
saturated] semigroup? 
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