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Uni-Type Modal Operators On Intuitionistic Fuzzy Sets

Gokhan Cuvalcioglu’

Department of Mathematics University of Mersin, Turky

Abstract: Intuitionistic Fuzzy Modal Operator was defined by Atanassov, he introduced the generalization of these
modal operators. After this study, some authors defined some modal operators which are called one type and two type
modal operator on intuitionistic fuzzy sets. In these studies, some extensions and characteristic properties were

obtained.

In this paper we defined new operators and examine some properties of them. In view of conclusions, it is shown that
these operators are both one type and two type modal operators on Intuitionistic Fuzzy Sets. So, these common type
modal operators are called uni-type modal operators on Intuitionistic Fuzzy Sets.
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1. INTRODUCTION

The theory of fuzzy sets (FSs) was first stated by
Zadeh, [12], in 1965. Let X be a set then the function
p: X—[0,1] is called a fuzzy set over X and it is

shown by pe FS(X). For xe X, u(x) is called the

membership degree of x on A and the nonmembership
degree is 1—pu(x).

Atanassov [1] defined intuitionistic fuzzy sets (IFS)
in 1983. While the nonmembership degree for each
element of the universe is fixed in fuzzy set theory. In
intuitionistic fuzzy set theory, nonmembership degree is
a more or less independent degree; satisfying the
condition that it is smaller than 1- membership degree.
So, if X is a universe then there exist membersip and
nonmembership degrees for each x e X, respectively

pn(x) and v(x) such that 0<p(x)+v(x)<1.

IFS A is determined with the membership and non-
membership of u,(x)eFS(X), v,(x)eFS(X) for

xe X, resp. Although the sum of the degrees of
membership and not being a member of an element in
FS theory is 1. But, in IFS theory, this sum is less than
1. Besides this, if AelIFS(X) then p, veFS(X) and

l1-pu<vand 1-v<pu.

An IFS A is said to be contained in an IFS B

notation Ac B) if and only if for all xe X : p,(x)<

Hg(x) and v,(X)=vg(x). Itis clear that A=B if and
only if Ac B and BC A.

The intersection and the union of two IFSs A and B
on X is defined as following;
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ANB={<X,U,(X)ARG(X), VA (X) vV Vg(X) > X e X}
AUB={<X,U, (X) VG (X), VA (X) AVg(X) > X e X}

Definition 1.1. [2] Let
A={<X, 1, (X), Vo (X) > xe X}. The set

Ae€lFS and

A° ={< X, VA (X) Hp(X) > x € X}

is called the complement of A.

The notion of Modal Operators on IFSs was firstly
introduced by Atanassov [2].

Definition 1.2. [2] Let X be a set and
A={<x,u,(x),v,(x)> xe X}e IFS(X).

1) & A={<x,“AT(X),#>: x e X}

2) 0 A={<X,W,VAT(X)>: x e X}

After this definition, in 2001, Atanassov, in [3],
defined the extension of these operators as following,

Definition 1.3. [3] Let X be a set and
A={<X, 1, (X), Vo (X) > xe X}e IFS(X), o €[0,1].
1) [ A={<x,0u,(X),0v,(X)+1-0> xe X}

2) [ A={<x,op,(X)+1-0,0v,(x)> xe X}

In these operators [, and |, If we choose oc:% , we

get the operators [and |, resp. Therefore, the
operators [, and |, are the extensions of the operators
[and lresp. Some relationships between these
operators were studied by several authors [9, 11]
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In 2004, the second extension of these operators
was introduced by Dencheva in [9].

Definition 1.4. [9] Let X be a set,
A={<x,u,(x),v,(x)> xe X}e IFS(X) and o,fe[0,]1].

The sets (a 8 A and La 8 A are defined as follows:

1) (QVBA:{<x,ocuA(x),och(x)+B>: x e X} where
o+pe[0,1].
2) LQVBA:{<x,apA(x)+B,och(x)>: x € X} where

o+pe[0,1].

The concepts of the modal operators are being
introduced and studied by different researchers, [3-6],
[9, 10, 11], etc.

In 2006, the third extension of the above operators
was studied by Atanassov. He defined the following
operators in [4]

Definition 1.5. [4] Let X be a set,
A={<x,1,(X),v,(X)> xeX}elFS(X) and

o.B,ye[0,4], max{e,}+y<1. The sets |, (A) and
L

a’ﬂ'y(A) are defined as follows:

1) Lypy (A ={<x,00, (x),Bv, () +7 > xe X}
2) Ly, (A =f<x,00, () +7,Bv, (x) > xe X}

If we choose o.=f and y=p in above operators

then we can see easily that [, =(os and lyq, =lee
Therefore, we can say that [,4, and |, are the
extensions of the operators

o, By

In 2007, the author [7] defined a new operator and
studied some of its properties. This operator is named

Ew and defined as follows:

Definition 1.6. [7] Let X be a set and
A={<x,u,(x),v,(x)> xeX}elFS(X), 0,p[0,1]. We
define the following operator:

EmB(A) ={<x,Blop, (X) +1-a),o(Bv, (X) +1-B) > xe X}

If we choose o.=1 and write o insteed of B we get
the operator (,,. Similarly, if B=1 is chosen and writen
insteed of B, we get the operator (.

These extensions have been investigated by
several authors [10], [5,6]. In particular, the authors
have made significant contributions to these operators.

In 2007, Atanassov introduced the operator | s

which is a natural extension of all these operators in
[5].

Definition 1.7. [5] Let X be a set, A €IFS(X),
a,B,7,6€[0,4] such that max(ca,B)+y+090 <1. The
operator | ,.5.,; defined by

| wps = LS X0, (X) +7,BV, (X)+8 > x e X}

In 2008, Atanassov defined this most general
operator kmﬁ,%&&é as following:

Definition1.8. [6] Let X be a set, AelFS(X),
o,B,v,8,6,£e[0,1] such that max(a—E,p—¢€)+y+d<1
and min(a-¢{,f—¢€)+y+6=0. Then the operator
\ewpryse.c defined by

ka,[i,y,&s,é (A)=
{<xop, (X)—ev, (X)+7,Bv,(X)=Cu, (X)+3 > xe X}

In 2010, the author [8] defined a new operator as
follows:

Definition 1.9. [8] Let X be a set and
A={<x,u,(x),v,(x)> xeX}elFS(X), o,B,we[0,1].
We define the following operator:

Zy o (A) ={<x,B(ap, (X) + o —0.0), By, (X) + © — 0 B) > X € X}

In 2013 author defined the following operator which
is a generalization of Z;’ﬂ .

Definition 1.10. [8] Let X be a set and
A={<x,u,(x),v,(x)> xeX}elFS(X), o,B,0,0€[0,1].
We define the following operator:

Zy(A) ={<x,B(op, (X) + @ — 0.00), 0BV, (x) +6-08) > x € X}

The operator Z‘;’g is a generalization of Z7,, and

also, E_,, [,gand g

of?

Before defining new operators which are
generalization of both one type and second type modal
operators, we will recall definitions of second type
modal operators.

Definition 1.11. [2] Let X be universal and
AclIFS(X), ae€[0,1]. The set D, (A) defined as

follows:

D, (A)={<x,u,(x)+om, (x),v,(X)+(L-a)m, (x) > xeX}
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Definition 1.12. [2] Let X be universal and
AelFS(X), a,fe[01] and a+p<1. The set F, ,(A)

defined as follows:
FLp(A) ={<xu, (x) +am, (x),v, (x)+Pm, (x) > x e X}

Definition 1.13. [2] Let X be universal and
AelFS(X), o,pel01]. The set G, ,(A) defined as

follows:
G, s (A)={< X041, (x),Bv, (x) > x € X}

Definition 1.14. [2] Let X be universal and
AelFS(X), o,B€[0,1]. The following sets are defined:;

1) H,,(A) =f<x,041, (X), v, (X)+Br, (x) > x e X}
2) H; ,(A) ={<x,041, (%), v, () + BL— ot (X) = v, (X)) > X & X}
3) 3, 5(A) ={< X, () + o, (X),Bv, () > x € X}

4) 3, (A ={< Xk, () + 01— 1, (X) = BV, (X)), B, () > x € X}
5) & (A)={<x1,(0).1-1,(x)> xeX}

6) O (A)={<x,1-v, (X),v,(X)> xeX}

After these studies the diagram of all modal
operator a is given as following;

2. NEW OPERATORS [®,5 , (%4
{ap

, E'ea,ﬁ » Beg AND

Definition 2.1. Let X be a universal,
AelFS(X)and. We define the following operators:

o,B,me[0,1].
1) [©4pa) ={(x.Bl1, (x) + (1= 0)v, (X)), BV, () + 0 - 0B)) = x € X}

2) Lma,[}(A):{<X,B(ocuA(x)+w—w(x),(x((l—B)uA(x)+vA(x))> txex}
Itis clear that; [, [, are IF operators.
From this definition, we get the following new
diagram which is the extesion of the last diagram of

intuitionistic fuzzy operators on IFSs in Figure 2.

Now we present some fundamental properties and
relationships of new operators.

Theorem 2.1. Let X be a universal, A e IFS(X) and
o,B,me[0,1].

1) 1f B<o then [©o5([%o(A) < [%p0 ([°0p(A)
2) If B<a then [%p((%o(A) %0 (1%0(A)

Proof (1) If we use B <o then we get,

@a.ﬁ.y,ﬁ.e,t <

1

E'aﬁva

//"" &

//
/

Figure 1:

} Xa.b.c.d.e.r

Ga.B Fa.ﬁ Hcr.li ;-B Ja-B J;-B
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Figure 2:

BLa=(B-a)(B+o+20B)<0
= B*(1+2a) < a’(1+2p)
= B*(1+2a)w <o’ (1+2B)w

and with this inequality we can say

P, (X) +oBA-P)v, (X) +BA-a)(aPv , (X) +Bo — afw)
<oy, (X)+oBd-o)v, (X)+o(l-B)(aBv, (X)+ow — opw)

On the other hand

Boa=P-a)(of-1)=0
=of*+o—-of>o*p+p-of
= of’w +ow - ofo = o*Bo + Po — ofo

with this we can say

a’B’v, (X) + ap’o - a’f’o + oo —opo =

a’B?v, (x) + o’Bo— o’B’w + P — ofw
So we get

(©op([p.alA)  [p0 ([ap(A))
We can show the property (2) with the same way.

Proposition 2.1. Let X be a universal, A eIFS(X)
and a,B €[0,1) . Then the following statements hold:

1) (A= [, (A)

2) L&A= L,(A)

Proof It is clear from definition.

Definition 2.2. Let X be a set and
A={<x,u,(x),v,(x)> xeX}elFS(X), o,B,0,0€[0,1].
We define the following operator:

Eos(A) ={<x,B(1- (1~ 0o)(1-8)u,
(X)+ (1= 08V, () + (1~ a)(1-B)o),

a(1-B)ou, (x)+(1-2A-B)L-0))v,
X)+(1-B)(1-0)w) > xe X}

Proposition 2.2. Let X be a set and AelFS(X),
o,B3,0,0 €[0,1] . Then the following statement hold:

E‘:;E(AC) = EF;"O‘?(A)C
Proof It is clear from definition.

Proposition 2.3. Let X be a set and AelFS(X),
o,B,0,0[0,1]. If B<a then

EV(A) S Eg2(A)
Proof If we use <o then

B<a= PO, (X)+V, (X)) +0(1-6)) (61, (X) + v, (X)) + 0(1-6))
= B0, (X) + v, (X)) + 01— 6)) + 0B (1, (X) + 64, (X) — OV, (X))
SO (X) +V, (X)) + 0 (1= 0)) + P (1, (X) + 6, (x) —6v, (X))

Then we can say E_¢(A)c Epo(A).
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Proposition 2.4. Let X be a set and AelFS(X),
o,B,m,0e[01].If <6 then

s (A) S EG(A)

Proof: It is clear from definition.

Definition 2.3. Let X be a set, AelIFS(X) and
o,B €[0,1] . We define the following operator:

X, Bk () + (L= a)v,, (), 0((L— B)it, () + v, (X)) }

cxeX

Ba‘ﬁ(A) = {<

Definition 2.4. Let X be a set, AelIFS(X) and
o,B,0 €[0,1]. We define the following operator:

V) ={ (KBl (X)+ (1= BV, (00), (L i, () +v,, (X)) © x e X}

Theorem 2.2. Let X be a set, AelFS(X) and
o,B €[0,1]. Then the following statements hold:

Ba,a (A) = { a,a(A)

Proof: It is clear from definition.

Theorem 2.3. Let X be a set, AelFS(X) and
o,B,0 €[0,1]. The following statements are satisfied:

1) [2,A= L2 Ay
2) [2,(A)= (2 (AY
3) { a,g(Ac):< ;5,&(A)c

Proof (1) From definitions of these operators and
complement of an intuitionistic fuzzy set we get that,

L po(A) ={<XB((1- o), (¥) + v, (X)), (B, () + 0 - f) > x € X}

and

(A ={(x.Bv o () + (1= 001, (N (B, () + 0 - 0B)) : x e X]
So, we can say f;’vB(Ac) = L,‘;’va(A)c.

(2) It is clear from definition.

(3) If we use definitions then we get

1A = (X BV 00+ (LB, 00 @ 00V, ()11, () : x e X]

and

V(A = [ B B () + v, (), (1 () + (1= v, (X)) : xe X}

So, we can say; 1, ;(A%) =1 4, (A

Theorem 2.5. Let X be a set and AelFS(X),
o,Bel01]. If >3, B<3 then

B,y (B, (A)) By, (B, (A)
Proof If we use a.>1 and B<; then we get,

(1-201) < (1-2B) = B* (1 20) (1, () + v, (X)) S 0 (1= 2B)(, (¥) + v, (X))

So,

o, () +oBL=B)v, (x) +B* (1- ), (x) +B* (L - 0)v . (X)
<o, (x) +oBL-0)v, (x) +0* (1= B)* 1, (X) +0* (1= B)v, (x)

and

o (1= B)u, (X) + 0" (1= B)* v, (x) + B (L— e, (X) + v, (X)
> B (1- 0, (%) + B (L - 0) v, (X) + B (L= B, (X) + 0P, (X)

with these inequalities Baﬁ(Bm (A) c Bﬁa(BaB(A)).

As a consequence of above theorem, we can get
easily the following propositions;

Proposition 2.5. Let X be a set and AelFS(X),
o,Be[0,1]. Then,

Bug (Ac) = Bga (A)c

Proposition 2.6. Let X be a set and AelFS(X),
o,B,m<[0,1]. Then,

1) E°3(A)=2,(A)
2) EY3(A)=B,,(A)
3) EX5(A)=G,, ,(A)
4) EX(A)=E,,(A)
5) Efv'g(A)zg

6) E2°(A)=X

1

Proposition 2.7. Let X be a set and AelFS(X),
o,B,m<[0,1]. Then,
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@)a.ﬁ.y.&.a,t <

w,B
Em_B

Figure 3:

1) EL(A) =LA

2) EXX(A) =00 (A)
3) EpP(A) = [ o0p(A)

4) ES°(A)=A

5) Eij(A)=1,(A)

6) E°(A)=B,,(A)

7) Ei[ls (A) = Bl,[}(A)

From the above properties, it is easily show that the
operators [°,5 , (%5 , E®%; , By and i, which are
defined in this paper are both one type and two type
operators. From the above discusssion and the
common properties of these operators with the one and
two type operators, we give the following definition for
the classification;

Definition 2.5. Let X be a set and Y be a modal
operator of Intuitionistic Fuzzy Set on X. If Y is both
one type and two type modal operator then it is called
uni-type modal operator of Intuitionistic Fuzzy Set on X.

Hap 0% Gap Fap Hap ap

d X.nhr'

Jcr.,B ;,B

From that fundemental properties we get the last
diagram of all (one/two/uni-type) modal operators on
Intuitionistic Fuzzy Sets as in Figure 3;
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