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On Special Strong Differential Superordinations Using Salagean

and Ruscheweyh Operators
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Oradea, Romania

Abstract: In the present paper we obtain strong differential superordinations for the differential operator L, defined as a

convex combination of the extended Salagean operator and the extended Ruscheweyh derivative, L : AZ—)AE,

Lf@)=(1-)R f(z.)+as"f(z.{). zeU, {eU, and A;={feHUXU), f(z.{)=2+a,({)Z’+?, z€U, {eU} is the

class of normalized analytic functions, R"f(z,{) the extended Ruscheweyh derivative, S"f(z,{) the extended Salagean

operator.
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INTRODUCTION

Let U be the unit disc of the complex plane
U={zeC: [z}, U={zeC : [z[<1} the closed unit
disc of the complex plane and H(U xU) the class of
analytic functions in UxU .

Denote

Al ={f eHUXU), f(z.0)=

Z+a (§)2n+] +..,z€U, Ceﬁ}, AngAZ,

n+l

and

H'la,n,{1={f eHU X V), f(z.{)=
a+a,($)z" +a,,(§)"" +.., zeU, { U},

for acC, neN, g, ({) holomorphic functions, k> n.

We extend the Salagean differential operator and
Ruscheweyh derivative to the new class of analytic

functions A, introduced in [GIO2].

Definition 1.1. [1] For feA,, meN, the operator
S™ is defined by §" : A, > A_,

S°f(z¢) = f(2:6).
§'f(2.8) = @)y

S fe)=2(s"F(2)).. zeU. L el

2z
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Remark 1.1. [1] For feA;, f(z.0)=z+X7a,({)z’,
we have

§"f(24)=2+3700"a;(§)7, zeU. (U,

Definition 1.2. [1] For feA,, meN, the operator
R" is defined by R" : A, — A,

R'f(z.0)
R'f(2.8)
(m+1)R™ f(z,)

f(z.),
7 (2.8).ms
Z(Rmf(z,é'));+mR'”f(z,C), zeU, LeU.

Remark 1.2. [1] For feA;, f(z.0)=z+X7a,({)z’,
we have

R"f(z.0)= 2+ 3X7,Cnina,(8)2, zeU, (e U.

Using the extended Salagean differential operator
and the extended Ruscheweyh derivative we have
defined a new differential operator as follows

Definition 1.3. [1] Let >0, meN,. The operator
L. Ag - Ag is defined by

L'f(z.0)=1-a)R"f(z.{)+aS" f(z,{), zeU, {eU.

Remark 1.3. [1] For feA;,
fz8)=z+37,.4,(§)z’ , we obtain
Lfd) =2+ 30 (aj" +(1-a)Cl, )a, (§)2,  zeU,

Cel.

As a dual notion of strong differential subordination
G.l. Oros has introduced and developed the notion of
strong differential superordinations in [2].
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Definition 1.4. [2] Let f(z.¢), H(z.{) analytic in
UxU. The function f(z,ij) is said to be strongly
superordinate to H(z,{) if there exists a function w
analytic in U, with w(0)=0 and |w(z)|<1, such that
H(z.{)=f(w(z).{), for all {eU. In such a case we

write H(2.8)==<1(2.£), zev, ¢el.

Remark 1.4. [2] () Since f(z.¢) is analytic in
UxU , for all {eU, and univalent in U, forall {eU,
Definition 1.4 is equivalent to H(0.{)=f(0.{), for all
{eU, and H(Uxﬁ)cf(UxU).

(i) If H(z.{)=H(z) and f(z.{)=f(z), the strong
superordination becomes the usual notion of
superordination.

Definition 1.5. We denote by Q" the set of
functions that are analytic and injective on
UxU\E(f.£), where

E(f.{)={yedU : limf(z,{)=c}, and are such that
-y

£ (».£)#0 for yedUxU\E(f,£). The subclass of Q"
for which £(0,{)=a is denoted by Q"(a).

We have need the following lemmas to study the
strong differential superordinations.

Lemma 1.1. Let h(z,ij) be a convex function with

n0,l)=a and let Y€C" be a complex number with
Rey20. If peHlanllNnQ", p@d)+izp. () is
univalentin UxU and

h(z,$) << p(z,§)+%zp;(z,§), zeU, {eU,
then
A(2.0) << p(z8), z€U, {eU,

where  ¢(z.0)= {eU. The

L%féh(t,g)t%_]dt, zeU,

function ¢ is convex and is the best subordinant.

Lemma 1.2. Let ¢(z,£) be a convex function in UxU

and let h(z.{)=q(z.{)+12¢.(z.{), zeU, {eU, where
Rey=0.

If peH'[a.nd]nQ", pz.0)+1zp.(z.{) is univalent in
UxU and

q(z,§)+$zq;<z,§)« p(z,§)+§zp;(z,¢), zeU, ¢el,
then

A(2.) << p(z.8), z€U, LeU,

where q(z,C)zWL%jgh(t,C)t%‘]dt zeU, CeU. The

function ¢ is the best subordinant.
MAIN RESULTS

Theorem 2.1. Consider h(z,{) a convex function in
UxU, with h(0.5)=1, a=20, meN,, f(z{)eA;,
F(2.0)=1(f)(z$) =[5 f(t.0)dt,  zeU, {eU,

Rec>-2, and suppose that (L';f(z,C)): is univalent in

UxU, (LyF(z, é_.’)) eH[LLS]N Q" and

h(z,§)<<(L2f(z,§));, zeU, CeU, (2.1)

then

q(z,C)<<(LZF(z,C));, zeU, cjelj,

where  g(z,{) =<3 [(h(1,0) " dt.
convex and itis the best subordinant.

The function ¢ is

Proof. We obtain the relation by differentiating
L!F(z,{) with respect to z,

(c+D)LIF (2.8)+2(L2F (2.8)) =(e+2)Lif (2.L).
zeU,¢eU,

and differentiating again with respect to z, we have

(L2F(2)). +?121(L’;F(1,C));3 =(L2f(2)). . zeU. (el

In this conditions the differential

superordination (2.1) is

h(z,§)<<(Lm ( 5)) +—22(Lm (z,g));z

strong
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Considering
p(Z,C)=(L2F(z,C));, zeU, LeU,
we obtain the strong differential superordination
1 , —
h(z,§)<< p(z,§)+c+—22pz(z,§), zeU, {eU.

Applying Lemma 1.1. for n=1 and y=c+2, we
obtain

a(z.8)=<=<p(2.¢), zeU, LeU, ie q(z0)
<<(LF(28)) . zeU, CeU,

where  g(z,{) =<3 [(h(1,0) " dt.
convex and itis the best subordinant.

The function ¢ is

Corollary 2.2. For h(z,8)=<CE  where
Belo.1), >0, meN,, f(z.8)eAs,
F(z0)=1(f)z0)=2 [y f(1.0)dr,  zeU, ({eU,

Rec>-2, suppose that (Lﬁf(z,{))w is univalent in

UxU, (LiF(24)) eH[11£]nQ" and

h(z,C)<<(L2f(z,§));, zeU, CeU, (2.2)

then
Q(Z,C)<<(LZF(Z,C));, zeU, Celj,

where ¢ is given by q(z):zﬂ—§+wg%dn
zeU, geﬁ. The function ¢ is convex and it is the
best subordinant.

Proof. By Theorem 2.1 considering
p(z,C)=(L2F(z,C)):, we obtain the strong differential
superordination (2.5)

)_C+(2ﬁ_§)z
1+z

h(z,0) = << p(z.£)+

Hizzp;(z,g“), zeU, {eU.

Applying Lemma 1.1. for n=1 andy=c+2, we
obtain q(z,{) << p(z,{) ,i.e.,

c+2

! 2 L+1
9(z.6)= Mjh(rg“)f*dt_ jfﬂﬁ’ O oy

1+¢

=2p-C+ dt<<(L’2F(z,§));,

zeU,CeU.

2(c+2)E=p) 1

ot+

The function ¢ is convex and it is the best

subordinant.

Theorem 2.3. Consider q(z,ij) a convex function in

UxU, h(z8)=q(z.8)+=24.(z¢), zeU, {eU,
Rec>-2, a>0, meN, feA;,
F(z0)=1(f)z0)=2 [y f(t.0)dr,  zeU, {eU.
Suppose that (Lﬁf(z,{))w is univalent in UxU,
(LoF(z, g)) eH [1,1,¢]nQ" and

h(z,§)<<(L2f(z,§));, zeU, Celj, (2.3)

then

q(2.8)=<=<(LF(20)) . zeU, LeU,

where g(z,§)=<3[h(t,{)"dr. The function ¢ is the
best subordinant.

Proof. We obtain the relation by differentiating
L!F(z,{) with respect to z,

(c+1)L2F(2.8)+2(L2F (2.8)) =
(c+2)Lnf(2.). zeU.{CeU,

and differentiating again with respect to z, we have

(L2 (20) +—52(LaF (20)). = (LA ().«

zeU, L eU.

The strong differential
becomes

superordination  (2.3)

h(z,C)=q(z,C)+$zq;(z,C)<<(L2F(z,C));
1 ~

'|‘m2(|_o[|:(z,§))z2

meN,

and considering

P(Z’C)=(L'ZF(Z,§));, zeU, L el.
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we obtain

h(z,C)=q(z,§)+Hi22q;(z,C) << p(z.£)

+C+i22p( 2), zeU, {eU.

Using Lemma 1.2. for n=1 and y =c+2, we have

a(z.8)=<<p(2.¢), zeU, {eU, ie q(z0)
<<(LF(28)) . zeU, CeU,

where g(z,§)=<3[h(z,{)"dt. The function ¢ is the
best subordinant.

Theorem 2.4. Consider h(z,{) convex function,
h0,8)=1, a=0, meN, feA;
(LZf(z,C))H is univalent and /%2 e H'[1,1,L]n Q" . If

and suppose that

hz) << (L f(20) . zeU, {eU, (2.4)
then
a2« ey et

where ¢(z,§)=1[n(,{)dt. The function g is convex
and it is the best subordinant.

DD z+z;(a_i”’+(l—a)C;fﬂ,,)u/(C)z/
Proof. Denote P(&8) === z

=1+pl(g)z+p2(§)z2+..., zeU,
¢ eU, and obtain that p eH"[1,1,{].

So Lfz0)=wpzl), zeU {eU and
differentiating with respect to z, we have

(L’,Zf(z,C));=p(z,§)+zpé(z,§), zeU, {eU.

Then the strong differential superorodination (2.4)
becomes

h(z,0) << p(z,0)+zp,(z,0), zeU, CeU.

Applying Lemma 1.1. for n=1 and y =1, we obtain

a(z.8) << p(z.0), zeU, {eU,

L f@d)
z

ie. q(z,8)

, zeU, ijeG,

where ¢(z,§)=1[h(,)dt. The function g is convex
and it is the best subordinant.

Corollary 2.5. Consider h(z,{)=
function in UxU, 0<B<1, «>0, meN, feA; and

(@) s
LIED e H [1L,LL]NO" . If

£0F2: 3 convex

suppose  that univalent and

h(z,C)<<(L2f(z,§));, zeU, ¢eU,
then
q(z.9) «—L:fiz’g), zeU, {eU,

where ¢ is given by ¢(z.0)=28-{+* 2 n(z+1),
zeU, geﬁ. The function ¢ is convex and it is the
best subordinant.

Proof. Considering p(z,{)=*/%  the strong
differential superordination (2.5) becomes
h(z,é’):%<< p(2,0)+2p.(2.{), zeU, {eU.

From Lemma 1.1. with n=1 and y =1, we obtain

q(z,8) == p(z,0), je.

q(ZC)——jh(tg)d; J“:+(2/3 or .

1+¢

(C p)

, 2eU, CEG

=2p-g+ 2

In(z +1)-<-<—L‘Tf(z’§)
z

The function ¢ is convex and it is the best

subordinant.

Theorem 2.6. For q(z,ij) convex in UxU define
h(z.8)=q(z.{)+2q.(z.).

and suppose that

Let 20, meN,, feA;,
(Lrre0), s

univalent,

LD e W [1,1,{]nQ"  and satisfies the  strong
differential superordination

h(z.¢)=a(z.¢)+2a,(28) << (L1 f(@.0)) . 26
zeU,CeU,

then
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q(z,C)-<—<M, zeU, CeG,

where ¢(z,0)=
subordinant.

L]ia@,$)dr. The function ¢ is the best

Proof Consider

Lfzg) _ it (e +(1-e)Cy, )a, (§)<
Z

p(z.8)=
4
=1+Z(a] +(1- oc)Cm“,) ()27 =1+3p,(8)7, zeULeU.
Differentiating with respect to z we obtain

(Lﬁf(Z,C));=p(z,C)+zp;(z,C), zeU, (eU, and the

strong difefrential superoordination (2.6) becomes
420 +20.(z8) pd)+zp.(2.8), zeU, {eU.

Applying Lemma 1.2. for n=1 and y =1, we obtain

zeU, CGL_J, i.e.
Lz
z

q(z,cf)« p(z,9),

q(z, g)_ h(t Ot 't << . zeU, CeU,

and ¢ is the best subordinant.

Theorem 2.7. Let h(z,ij) a convex function,

h0.5)=1, a20, meN, feA; and suppose that
(%) is univalent and Lf;f(fg)eH*[l,l,C]mQ*.If
A" (2,0)) _
h(z,{)<<| —2*—F——F-|, zeU, {eU,
(2.c) [Lgf(z,g) Z ¢ (2.7)
then
Lm+1f(2,§) _
Q(ZC)<<m—, zeU, CeU,
L7 (2.8)

where ¢(z,§)=1[n(,{)dt. The function g is convex
and it is the best subordinant.

Proof. Denote

Ly f(z0) _

Lif(z.0)

e+ X7, (0 +(1-)Cl)a, ()2
2+ (af" +(1-a)C) ), (§) 7

p(z.80)=

Differentiating with respect to z we obtain
: (24(=.0)). (af(=0),
r(24)= "~ P(24) ey and

pled)senle0)= (5] -
The strong differential superorodination (2.7) is
h(z,0) << p(z,0)+zp,(z,8), zeU, CeU

and from Lemma 1.1., where rn=1 and y=1, we
obtain

q(z2,0) << p(z,0), zeU, CeU, ie. q(z0)
L f(z,0) —
<m, ZGU, CEU,

where ¢(z,§)=1[h(,{)dt. The function g is convex
and it is the best subordinant.

Corollary 2.8. For h(z,§)=0%

function in UxU, 0<B<1, a>0, meN, feA;, we

a convex

suppose that (%) is univalent and
EIED eH [L1E]nQ" . If

L™ (2,0) , —
h(z,{)<<| —=2—F——-|, z€U, feU,
( g) [ sz(z’g) C (28)
then

Lm+1f(2,§) _
q(z,8) =< —m , zeU, {eU,

L7 f (2.8)

2P n(z+1), zeU,

{eU. The function ¢ is convex and it is the best
subordinant.

where ¢ is given by ¢(z)=28-{+

Proof. By Theorem 2.7. for p(z.{)=% ““5), the

strong differential superordination (2.8) becomes

h(z,§):%<< p(z,$)+2p,(z,8), zeU, g“eL_J.

and we have q(z,{) << p(z,{) , where

ae =1 gL ] O,
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Ly f(z.0)

Qf(LQ’ zeU, {eU.

=2B-C+

(C 'B) (z+1) <=

The function ¢ is convex and it is the best

subordinant.

Theorem 2.9. Consider q(z,ij) a convex function

and  h(z.{)=q(z.{)+zq.(z.{). Let «a>0, meN,
feA; and suppose that (%) is univalent and

B eH [L1E]nQ" . If

, 2L (2,8) )
h(z,cj):q(z,C)+Zqz(Z,§)<<[WL5]Z' (2.9)
zeU,CEU,
then

Lm+1f(Z,§) —
q(z,8) << m zeU, CeU,

where ¢(z,§)=1[(t,{)dr. The function ¢ is the best
subordinant.

Proof. Denote

L8 _ (e +(1-a)Ci)a, (€)

pz.8)=—% — -
Laf(z’g) Z+zj:2(a-] +(1_a)cm+/ l)a/(g)zj
Differentiating with respect to z we obtain
: (£ 7(0)). (nrz2)).
p(28) ="~ P(2) Ty and

pled) v pi(a0)=(200)

The strong differential superorodination (2.9) has
the form

h(z.¢)=a(z.0)+2q,(z.0) <= p(z.{) + 20, (2.0),
zeU,CeJ,

and applying Lemma 1.2. for n=1 and y=1, we
obtain

420 <<p(zg), 2€U, LeU, ie.
a2 =2 [t ot << e T2

L f (Z,Zj)

and ¢ is the best subordinant.

,ZeU,CeG,

Theorem 2.10. Consider h(z,{) a convex function

in UXE, with h(0,8)=1, and >0, meN,fGAZ.
Suppose (Ly"f(z. C)) w is univalent and

[Lif(z.0)]. eH' [LLE]nQ .

(1-o)mz(R" (2,0)).,

h(Z’C)<<(LZ+1f(Z’C))z+ m+1 T (2.10)
zeU,geG,

holds, then

A0 << [ f(z.0)],, zeU, {eU,

where ¢(z,§)=1[(,{). The function
it is the best subordinant.

is convex and

Proof. The strong differential superordination (2.10)
becomes

h(z2.8) << (- )R™F (2,0) + aS™ £ (2,0))
1- R"(2,0))
+( oc)mz( (z C))Zz

m+1

zeU, CEﬁ

Denote

P =1-a)(R"f(2.0)) +a(S"Fz0)).
, : ‘ (2.11)
=(Lf0)).

=1 30" (1= )2 oy (6) e =

n+l

1+pn( )Z +pn+l( )Z o

Using the notation in (2.11), the strong differential
superordination becomes

h(z,0) << p(z,8) +zp,(z.0),

and applyinh Lemma 1.1. for n=1 and y=1, we
obtain

(2.0 << p(z.8), zeU, {eU,

<<(L2f(z,§)); ,

ie. q(z,0)
zeU, gelj,

where ¢(z,§)=1[(t,{). The function ¢ is convex and
it is the best subordinant.
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Corollary 2.11. For h(z)=GE2:

1+z

in UxU, 0<B<1, >0, meN, f €A, suppose that

(1-a)mz(R" f (z §))

(L fd) +

(Ll f(z.0)]. eH' [LLE N Q" If
1- R"f(2,0))

h(z,&) <<[L2“f(2,§)]; +( Oé)mz( (z @))Zz '

m+1

zeU, Celj,

then

9@ <=(1 1) . zeU, feU,

where ¢ is given by q(z,§)22[3—§+@ln(z+l),

zeU, geﬁ. The function ¢ is convex and it is the

best subordinant.

Proof. Theorem 2.10. for p(z,C)=(L2f(z,C));, give

q(z.{) << p(z.0) .i.e

deO=1 )= 1] O,

2(C -
=2ﬁ_é’+@

The function ¢ is convex and it is the best

subordinant.

Theorem 2.12. Consider q(z,ij) a convex function

in UxU and h(z,$)=q(z.8)+24.(z.£), @>0, meN,

(1-a)mz(R" f (z §))

feA;. Suppose (L'”“f( g)) e B TES)
univalentin UxU and [ L’;f(z,g)]z cH* [LLC](\Q*. If

B4 3 convex function

is univalent in UxU and

In(z+1)-<-<(L2f(z,(,“));, zeU, CeG.

h(z,0)=q(z.{)+zq, (2.5) << L1 f (2.0)],

+(1—oc)mz(R’“f(z,C))zz

m+1

zeU, {eU, then

q(z,§)<<(LZf(z,§));, z2eU, ¢eU,

where ¢(z,§)=1[(.{). The function ¢ is te best
subordinant.

Proof. Following the same steps as in the proof of
Theorem 2.10 for p(z,{)= (

f(z C)) the strong

differential superordination (2.13) becomes

h(z,C):q(z,§)+zq;(z,§)<< p(z,0)+12p,(z,{), zeU, CeU,

and from Lemma 1.2, for n=1 and y=1, we obtain

a(z,8) =< p(z,¢) , i.e.

q(z,@):%jéh(t,g) <=<(L1f(0) . zeU, feU.

The function ¢ is the best subordinant.
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