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On Traces of n-Additive Mappings on Semiprime Ring
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Abstract: Let R be a ring with centre Z(R). In this paper we prove that a nonzero Lie ideal L of a semiprime ring R of
characteristic different from (2™ — 2) is central if it satisfies one of the following:

@ fe) Fx,yl€Z(R), ) fGxy) F [y, x] €ZR), (i) fxy) Fxy € Z(R), (w)f(xy) Fyx€Z(R), () f(lx,yD *
[x,yl€ Z(R), (wi) f([xyD)*+ [y, x] € Z(R), (wid) f([x,¥]) xy € Z(R), (wiid) f([x,y]) ¥ yx € Z(R), (ix) f(xy) ¥ f(x) +
[x,y] € Z(R), (x) f(xy) ¥ f() + [x, y] € Z(R),(xD) f([x, yD * f() F [y, x] € Z(R), (xid) f([x,yD) + f(x) F [y, x] € Z(R),
eiid) f(fe,yD ¥ fO) F Iyl € ZR) . (xiv) f(lx, yDFfO) F v, xl € ZR) . (xv) flx, ¥D) F f(xy) * [x,¥] € Z(R)
(v)) f(Le,yD F fee) ¥ yxl € Z(R ), (wid) fCOf ) F[x,¥] € Z(R) (evidd) f()f () F [y, x] € Z(R)

(xix) fx)f () Fxy € Z(R), (xx) f(x)f(y) ¥ yx € Z(R) forall x,y € L, where f stands for the trace of an n-additive map

F:RxRxJ xR—>R
axfe * 8

n- times
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INTRODUCTION

Throughout the paper, R will denote an associative

ring with centre Z(R). Aring R is said to be prime (resp.

semiprime) if aRb = {0} implies that either a =0 or
b=0 (resp. aRa = {0} implies that a = 0). For each pair
of elements x,y € R we shall write [x,y] the
commutator xy — yx.

An additive subgroup L of aring R is said to be a
Lie ideal of Rif [U,R] € U. An additive map d:R - R
is said to be a derivation if,

d(xy) =dXx)y +xd(y) forall x,y € R

An additve map G:R— R is said to be a
generalized derivation if there exists a derivation
d:R = R such that,

G(xy) =G(x)y+xd(y) forallx,y € R

Let n> 2 be a fixed positive integer. A map
F RxRx[ xR—s R IS said to be symmetric (permuting) if,
BxRxU xK

n- times

F(X(l), X(z), ey X(n)) = F(xn-(l), xn(z), siay xn(n)) for all
x; € R for every permutation {(m (1),n(2),...,7 (n))}.

The map F:RxRx0 xR—R is said to be n-additive if
n- times

F(x(l)r X(2)r+s X(n)) is additive
X@; L=12,...,n thatis,

in each variable

F(X(l),X(z),...,X(i){-l‘y(i),...,x(n)):
F(x(l),x(z),...,x(i),...,x(n))+F(x(1),x(2),...,y(i),...,x(n))
forall x;,~y; € R and i =1,2,...,n.

The mapping f: R - R defined by f(x) = F(x,X,...,X)
is called the trace of F. It is obvious that in case when
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F:RxRx xR— R is a symmetric n-additive map, the
n- times

trace f of F satisfies the relation f(x +y) = f(x) +
FO) + T2 hue e ).

In 1992 Daif and Bell [3, Theorem 1] proved that if a
semiprime ring R admits a derivation d such that
d([x,y]) = [x,y] € Z(R) forallx,y € R, then R is
commutative. Further first author [1] investigated the
commutativity of a prime ring R admitting a generalized
derivation G satisfying one of the following:(i) G(xy) F
xy € Z(R), (i) G(xy) ¥ yx € Z(R), (iii)) G(x)G(y) ¥
xy € Z(R) for all x,y in some appropriate subset of R.

Motivated by the aforementioned results are

investigate the following conditions:
@ fey) + [x,y] € Z(R),

@ fey) F [y, x] € Z(R),

(D) f(xy) + xy € Z(R),

() f(xy) ¥ yx € Z(R),

W) f(lx,yD + [x,y] € Z(R),

i) f(lx,yD F [y.x] € Z(R),

it) f([x,yD) + xy € Z(R),

iid) f([x,yD + yx € Z(R),

() feey) F fCOF [x,y] € Z(R),
) fen)F fO)F [x,y] € Z(R),
) f(eyDF fO)F [y.x] € Z(R),
Cad) f(Le,yD F fC) F [y, x] € Z(R),
(eiid) f(le, yD F fO) F [x,y] € Z(R),
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(xiv) f(x,yD+ fO) * [y, x] € Z(R),

() f(e,yD + fFCey) + [x,y] € Z(R),

Cvd) fx,yD + fOey) F [y, x] € Z(R),

(xvid) FCOf ) + [x,y] € Z(R),

(xviii) FCOf () + [y, x] € Z(R),

(xix) f()f ) + xy € Z(R),

(xx) FOOf () F yx € Z(R) forallx,y € L,

a nonzero Lie ideal of R and f trace of n-additive map

F:RxRxJ xR—>R,
axnx *8%

n- times

PRELIMINARY RESULTS

The following Lemmas are essential to prove our
Theorems.

Lemma 2.1. [4, Lemma 1] Let R be a semiprime
ring and L be a nonzero Lie ideal of R. If [L,L] < Z(R),
then L © Z(R).

Lemma 2.2. Let R be a semiprime ring and L be a
nonzero Lie ideal of R. If L? € Z(R), then L € Z(R).

Proof. Since xy € Z(R) for all x,y € L, xy —yx =
[x,y] € Z(R) for all x,y € L. Using Lemma 2.1 we get
the required result.

MAIN RESULT

Theorem 3.1. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:RxRx0 xR—R be a symmetric
n- times

n-additive mapping and f be the trace of F . If
fCy)F [x,y]1 € Z(R) x,y € L,then L < Z(R).

Proof. Suppose,
flxy) —[x,y] € Z(R) forallx,y € L.(3.1)
Replacing y by y + z in (3.1), we get

flxy) + f(xz) + Tezi(R) hie (xy, x2) = [x,y] =
[x,z] € Z(R) forall x,y,z€ L

From (3.1), we get,

Yroi(D) he(xy, x2) € Z(R) for allx,y,z € L.(3.2)
Replacing z by y in (3.2), we find

ZZ;%(Z) hy(xy,xz) € Z(R) forall x,y,z€ L

that is,

(Dhi Gy, xy)+(5)ha (xy, xy)+(5) hs (xy, xy)

+ ...+(n7_11)hn_1(xy, xy) € Z(R).

This implies,

k Z JF:(xy,xy,r Xy —> )2/’_)

(n-1)- times 1- times

|

F(xy,xy[J ,xy—> xy
(n- 2)- times 2- times

F(xy,xy[] ,xp—> xy
: 3 times
(n- 3)- times - times

( )
+ +L n JF(xy,xy,] xy— xy )eZ(R)
n-1 %\r—/( e 17\,—4
n-1)- times - limes

forall x,y € L.

This can be written as,

((711)+(721)+(731)+...+(nfl))F(xy, xy,...,xy) € Z(R) for
all x,y € L.

This gives,
2" - 2)F(xy,xy,...,xy) € Z(R) forall x,y € L.

Since R is not of characteristic (2™ —2). Then
F(xy,xy,...,xy) € Z(R) for all x,y € L. This implies
that f(xy) € Z(R). From (3.1), we get [x,y] € Z(R) for
all x,y e L.

This implies that [L,L] < Z(R). Hence L € Z(R) by
Lemma 2.1.

Similarly, we can prove the result for the
casef(xy) + [x,y] € Z(R) forall x,y € L.

Theorem 3.2. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:Rfou xR—>R be a symmetric
n- times

n-additive mapping and f be the traceof F.
If f(xy)F [y,x] € Z(R) forallx,y € L,
then L € Z(R).

Proof. The proof runs on the same parallel lines as
of Theorem 3.1.

Theorem 3.3. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:RxRxU xR—>R be a symmetric

n- times

n-additive mapping and f be the trace of F.
If f(xy)+ xy € Z(R) forallx,y € L,
then L € Z(R).

Proof. Suppose,
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f(xy) —xy € Z(R) forallx,y € L. (3.3)
Replacing y by y + z in (3.3), we get,

fGey) + f(x2) + ZR21() hucCey, x2) — xy — xz €
Z(R) forallx,y,z € L.(3.4)

Using (3.3), we obtain,

w1(?) hi(xy, xz) € Z(R) for all x,y,z € L.(3.5)
Substituting y for z in (3.5), we get,
YRR hi(xy, xy) € Z(R) for all x,y € L.(3.6)
This can be written as,

(?)hl(xy, xy) + (;)hz(xy, xy) + (:)h3(xy, Xy) + o+
(2 -1 (xy,xy) € Z(R). (3.7)

that is,
F(y,xpl) xy, xy )

[ R S
(n-1)- times 1- times

/TN
Ll
~—

F(xy, oyl xy, xy )
W

)
J (n-2)- times ~ 2- times
J

{

(n-3)- times 3 times

( )
+7 +L n JF( xy ,xv,x00 ,xp) e Z(R)
n- 1 —_ —
1- times (n- 1)- times
forall x,y € L.
This implies,

(@) + Q) + G+ (L)) Flyxy,..oxy) €
Z(R) forall x,y € L.

This gives,
@" -2)F(xy,xy,...,xy) € Z(R) forall x,y € L.

Since R is not of characteristic (2™ —2). Then
F(xy,xy,...,xy) € Z(R) forall x,y € L. This implies
that f(xy) € Z(R). Using (3.3), we have xy € Z(R) for
all x,y € L.

Hence 12 € Z(R) and by Lemma 2.2, L € Z(R).

Similarly, we can prove the result if f(xy)+xy €
Z(R) forall x,y € L.

Theorem 3.4. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:RxRx xR—>R be a symmetric

n- times

n-additive mapping and f be the trace of F. If f(xy) ¥

yx € Z(R) forall x,y € L,then L € Z(R).

Proof. The proof runs on the same parallel lines as
of Theorem 3.3.

Theorem 3.5. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:RxRx0 xR—R be a symmetric

n- times

n-additive mapping and f be the trace of F .
If f(x,yDF [x,y]€ Z(R) for all x,y€ L, then
L< Z(R).

Proof. Let

f(x,y]) —[x,vy] € Z(R) forall x,y € L. (3.8)

Replacing y by y + zin (3.8), we have

f(x,y] + [x,2]) = [x,y] — [x,z] € Z(R)

forall x,y,z € L.

This implies,

f(xyD +
f([x'z])-'-zz;%(;l) hk([X,y],[X,Z])-[X,y]-[X,Z] € Z(R)

Using (3.8), we get,

TRt () hie([x, y), [x,2]) € Z(R) forall x,y,z € L.
Substituting y for zin (3.9), we obtain,

Tri(h) (%, y1, [x,y]) € Z(R) for all x,y,z € L.

that is,

(DDl buyD+ Ga(De by + (3 ha(beyl by +
A0 Dhna(xyLxy) € Z(R).

This gives,

()
H JF([x,y],[x,y],r el [x0)

(n-1)- times 1- times

+ F([x, y1x 010 ([ey]s [xy])

(n- 2)- times 2- times

n
2

+ F([x, yL.x, 010 [ p] [ y])

(n- 3)- times 3- times

7~/ N\ /N
N—— N~

3
(0 )
+ i JF([x,y], [x, 0] [x, y10 ,[x,v]) € Z(R)
n-1 1- times (n-1)- times

Therefore,

D+ G+t (N FUxyL[xy],.... [xy]D) €
Z(R) forall x,y € L.
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This implies,

@ =2)F([x, v, [x,y1],....[x,y]) € Z(R) for all
x,y € L.

Since R is not of characteristic (2" — 2), we find
F([x,y],[x,¥],....[x,y]) € Z(R) for all x,y € L. This
implies that

f(lx,yD € Z(R).

In view of (3.8), (3.10) yields that [x,y] € Z(R) for
all x,y € L. Thus we get [L,L] € Z(R) and by Lemma
2.1,L <€ Z(R).

Similarly, we can prove that the result if f([x,y]) +
[x,y] € Z(R) forall x,y € L.

Using similar arguments as we have done in the
proof of the Theorem 3.5, we can prove the following:

Theorem 3.6. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:RxRxJ xR—>R be a symmetric

n- times

n-additive mapping and f be the trace of F.
If f([x,y]) ¥ [y,x] € Z(R) forallx,y € L,
then L € Z(R).

Theorem 3.7 Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:Rfou xR—>R be a symmetric
n- times

n-additive mapping and f be the trace of F.
If f([x,y]) ¥ xy€ Z(R) forallx,y € L,
then L © Z(R).
Proof. Let
f(lx,y]) —xy € Z(R) forall x,y € L. (3.11)
Replacing y by y + z in (3.8), we have,

f(lx,y] + [x,2]) —xy —xz € Z(R) forall x,y,z € L.

This implies,

FxyD + f(x2D) + ZRzi(7) hie (Xy1[x.2])-xy-xz €
Z(R).(3.12)

Using (3.11), we obtain,
ZZ;%(Z) he([x,y],[x,2]) € Z(R) forallx,y,z€ L.
This can be written as,

(Dha(x.Y1.Ix,2D+()ha(x.y1[x,2])

+(3)ha(x.y1[x.z])+...
*+(ur Dhea(IxY1[x,2DE Z(R). (3.13)
Substituting y for z in (3.13), we obtain
(Dha(xy1.06 YD+ (5 ha(x.y1[x.y1)
+(Dax Y1)+ (2 Dhaa(xYLIXYDE Z(R).
This gives,

()
k 1 JF([x,y],[x,y],E Lyl [x,00)

(n-1)- times 1- times

+ F(x,yL0xy10 LDyl
(n- 2)- times

[x. )

2- times

n
2

+ F([x, y].lx, 010 \[x, ¥,

(n- 3)- times

/TN VR

[x 2]

3- times

n
3

™

n )
R LN N A

1- times (n-1)- times

that is,
((D+O+G)+-+(2D)
F([x,yl,[x,v],....[x,y]) € Z(R) forall x,y € L.

Thus,

(zn - Z)F([x')’]; [x')’],---, [x!y]) €
Z(R) forallx,y € L.(3.14)

Since R is not of characteristic (2" —2), (3.14)
yields that,

F([x,yl,[x,v],....[x,y]) € Z(R) forall x,y € L,

then we have f([x,y]) € Z(R) forall x,y € L. Using
(3.11), we get xy € Z(R) for all x,y € L.

Thus L? € Z(R) and application of Lemma 2.2, we
get the result.

Similarly, we can prove that the result if f([x,y]) +
xy € Z(R) forall x,y € L.

Theorem 3.8.

Let Rbe a semiprime ring of characteristic not
(2" —=2) and L be a nonzero Lie ideal of R. Let

F:RxRx[] xR—>Rbe a symmetric n-additive mapping

and fi)e the trace of F . If f([x,y)F yx€

Z(R) forallx,y € L,then L € Z(R).

Proof. The proof runs on the same parallel lines as
that of Theorem 3.7.
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Theorem 3.9.

Let R be a semiprime ring of characteristic not
(2" —-2) and L be a nonzero Lie ideal of R. Let

F:RxRx[ xR—Rbe a symmetric n-additive mapping

n- times

and f be the trace of F.
If fey)+ f(x)F [x,y] € Z(R) forall x,y € L,
then L € Z(R).
Proof. Suppose,
fGy)—f(x)— [x,y]l € Z(R) for all x,y € L.(3.15)
Replacing x by x + z in (3.15), we have

_f(x +Z) - [x:)’] - [Z'y]
€ Z(R) forallx,y,z € L.

f(xy + zy)

This can be written as,
FCey) + f(zy) + 2Rz (3) hie(xy, zy) — £(X)
-f(2) = 2i2i() he(x, 2) — [z,y] € Z(R).

This implies,

[x,y] -

flxy) —fx) =[xyl + f(zy) — f(2) — [z,y]
+ 20210 i (xy, zy) — ZR2i() b, 2) € Z(R).
Using (3.16), we get

Sr2i(R) hlxyzy)- Zps
x,y,z € L. (3.16)

1) hix,z2) € ZR) for all

Substituting x for z in (3.17), we obtain
(:) hl(xy,xy)+(’;) hz(xy,xy)+(2) ha(Xy,xy)+...
+(Z)hn-1(xy'XY)'(2)hl(X.X)
-()h20xx) ~()ha(xx)-...
that is,

((
(;

A
L2
(
L3

(Z)hn_l(x,x) € Z(R)

F(xyny Xy, Xy )
——

(n 1)- times 1- times

o Y
(n- 2)- times 2- times

+ F(xy,xyd ,xp, xp )
—_— —_
(n 3)- times 3- times

)
)
)F(xyxyu X X)
)
)

40 +( JF( o wayl )

1- times (n-1)- times

Flex[D,x,  x)
-
(n-1)- times

n

1 1- times

n
F(x,x[] ,x, x )

2 el

2- times

-
(n- 2)- times

1 ! 1
TN TN T
N—— N— N—

F(x,xJ ,x, &CH)
S
(n- 3)- times

_D_( n \F(
kn-lJ =

1- times

n
3

3- times

)
w)J eZ(R).

(n-1)- times
Therefore,

@"=2)(F(xy,xy,...
Z(R) x,y € L.(3.17)

xy) — F(x,x,...,x)) €

Since R is not of characteristic (2™ —2), (3.18)
yields that (F (xy,xy,...xy) — F(x,x,...,x)) € Z(R), we
have f(xy)—f(x) € Z(R) forallx,y € L . Using
(3.16), we get [x,y] € Z(R) forall x,y € L. Thus we
get [L,L] € Z(R) and by Lemma 2.1, L € Z(R).

Similarly, we can prove the resultif f(xy) + f(x) +
[x,y] € Z(R) forall x,y € L.

Theorem 3.10.

Let R be a semiprime ring of characteristic not
(2" —2) and L be a nonzero Lie ideal of R. Let

F:RxRxO xR—Rbe a symmetric n-additive mapping

and fbe the trace of F. If f(xy) ¥ f(y) ¥ [x,y] €

Z(R) forallx,y € L,thenL € Z(R).
Proof. Let,
fxy) = f) -

Replacing y by y + z in (3.19), we have
fO) + fG2) + 2z (i) haeGeys x2) = FO) = £(2)
(D) e 2) =[x, y] =

[x,y] € Z(R) for all x,y € L.(3.18)

[x,z] € Z(R).
Using (3.18), we get,

2i2i () hueCxy, x2)
x,y,z € L. (3.19)

- 2i21(3) he(v,2) € Z(R) for all

Substituting y for z in (3.19), we obtain,
R0 he Gy, xy) = 232100 e 0, ) € Z(R)

forall x,y,€ L.
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This can be written as,

(Dhi(xy, xy) + (3)ha(xy, xy) +
(DhsCxy, xy)+... 4+ ) hnor (ey, xy)

-(Dhoy) = Oh . y) = G, y) = -

(" 1, ¥) € Z(R)

that is,

()
L JF(xy,xyD Xy, Xy )
1 (n-1)- time. l-\tiTn’Z

oo \F(xyyxy,U Xy, X))
| o )@ o o

(n- 2)- times 2- times

{ ZJF(xy,Xy.D 0 W)

(n- 3)- times 3- times
( n )
* *| JF( v, LX)
n-1 e R
1- times (n-1)- times

F(y,y[ .y, y)
—_— [

(n-1)- times 1~ times

(n- 2)- times 2- times

h
)
JF(y,yD Yeoy))
)
)

F(y,y[l .y, y)
- (S}

(n- 3)- times 3- times

n \F( 0 )\ Z(R)
-1) Yoo py ,yJe .

1- times (n-1)- times

o [
This implies, () + () + () + -
G DFCy,xy,x9) = (D) + () + (3)
+. (" DFGLY,....¥) € Z(R).

This gives,

" -2)F(xy,xy,...,xy) — Q" - 2)F(y,y,...,y) €
Z(R) forall x,y € L.

Therefore,

(2" - 2)(F(xy,xy,...,xy) — F(y,y,...,y)) € Z(R)
for all x,y € L.(3.20)

Since R is not of characteristic (2" —2), we find
(FGxy,xy,...,xy) — F(y,y,...,y)) € Z(R) i.e. f(xy)—
f(y) € Z(R) for all x,y € L. Using (3.19), we find
that [x,y] € Z(R) forall x,y € L.Using Lemma 2.1, we
obtain L € Z(R).

Similarly, we can prove the result if f(xy) + f(y) +
[x,y] € Z(R) forall x,y € L.

Theorem 3.11. Let R be a semiprime ring of
characteristic not (2™ — 2)and L be a nonzero Lie ideal

of R. Let F:RxRxJ xR— R be a symmetric n-additive

n- times

mapping and f be the trace of F.If f([x,y]) ¥ f (x) ¥
[x,y] € Z(R) forall x,y € L,then L € Z(R).

Proof. Suppose,

flx,yD = f(x) = [x,y] € Z(R) forall x,y €
L.(3.21)

Replacing x by x + z in (3.21), we obtain,

fxyD + fUzyD) + ZR2i() ke ((x¥), [2.9]) =
fx)=1(2)

= 3021 () (. 2) = [x,y] = [z,9] € Z(R). (3.22)
Using (3.22), we have,

Tri() ([ y), [, yD) = TR () hue(x, 2) €
Z(R). (3.23)

Substituting x for z in (3.24), we get,
R0 hie (1, [ yD) = ZREHG) b, %) € Z(R).
This can be written as,
((Dha(lx, ¥1, [x, ¥])
()2 ([ y1 [ + (s ([, 91, [, 91) + -+
+(um ) hna ([, 31, [,y
-(ha (e, 2) = (3)hz (2, )
-(Dhs e, )= = ("o (x,0)) € Z(R).
that is,

F([x, y).x, v10 [ y] [x,00)

(n-1)- times 1- times

(n- 2)- times 2- times

F([x, y) e, v10 [x, 0] [y

(n- 3)- times 3- times

)
)
)
J F([x,y1,lx, 210 [x.y], [x,2])
)
)

(5 )
e )P bl f)

1- times (n-1)- times

F(x,xJ ,x, x )
—_— ingg
1- times

2- times

)
J
JF(x,x,D X, X))
3
J

F(x,x[] ,x, X, )

3- times
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)
x,x /] ,x)J eZ(R).

(n-1)- times

—D-( " \F(x
e )7L R

n-1

1- times
This implies,

)+ + G+

HGIDF Y] Loyl - e yD = () + (3)
O+ A FGox,.,x) € Z(R).

This gives,

(211. - Z)F([x,}’]' [x,}’],---' [xvy]) - (217. -
2)F(x,x,...,x) € Z(R)forall x,y € L.

Therefore,

@™ - 2)(F([x, v, [x,y],...,[x,y]) = F(x,x,...,x)) €
Z(R) forall x,y € L.

Since R is not of characteristic (2™ —2), we find

(F([x,y], e, v1,....[x,yD) — F(x, x,...,x)) € Z(R) for all
x,y € L. This implies that,

f(x,y]) — f(x) € Z(R) for all x,y € L.(3.24)

Using (3.22), (3.25) yields that [x,y] € Z(R) for all
x,y € L. This implies that [L,L] € Z(R). Now using
Lemma 2.1 we get the result.

Similarly, we can prove the result for the case
fx,yD+ f() + [x,y1 € Z(R) forallx,y € L.

Theorem 3.12. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie

ideal of R. Let F:RxRxU xR—>R be a symmetric

n- times

n-additive mapping and f be the trace of F. If
f(x,yDF f) F [x,y] € Z(R) for all x,y € L, then
LS Z(R).
Proof. Suppose,
fle,yD —f) —[x,y] € Z(R) forall x,y € L. (3.25)
Replacing y by y + zin (3.26), we obtain,
fxyD + f([x2D) + ZR21 () he ([, v), [x,2]) = f ()

—f(@) = Z2i(0) e, 2) = [x,y] =[x, 2] € Z(R).
(3.26)

Using (3.26) and (3.27), yields that

() b ([x, 91, [x, 21)
(3.27)

— i) (v, 2) € Z(R).

Substituting y for z in (3.28),

we get YRZi(P) he(lxy) [xyD) = 2R (R) e (0. ) €
Z(R).

This can be written as,

(D1 (%31, 16 D) + ()b ([, 3], [, 9])

+H(Dha (63 6 YD+ +( D (5,9, [, 9])
-y = G)rG,9)

D)= =" Dhn-1009)) € Z(R)

that is,

s
U : JFGA L Lol )
(n-1)- times 1- times
()
* " JF([x,y],[xyy]yU [yl [x)
2 (n- 2)- times 2- times
()
* ; JF@ ol [nol (50D
3 (n- 3)- times 3- times
( )
| " Q) el el L)
-1 1- times (n-1)- times
()
_LZJF(yvyvu Vs L)
(n-1)- times 1- times
()
-LZJF(y,y’D 'V Z/_‘)
(n- 2)- times 2- times
()
| ZJF(y,yD yeov)
(n- 3)- times 3- times
(0 ) )
-0 L JF( y .yl ,y)J €Z(R).
n- 1 1 n":r;‘ m
This implies,
D+ +G) +-

+( P NF L YL e yD = () + () + (3
+ (S DFGLY...y) € Z(R).
This gives,

(Zn_Z)F([x,}’]:[x,}’],---,[x:}’])_ (271._
2)F(y,y,...,y) € Z(R) forall x,y € L.

Therefore,

(Zn _2)(F([x,)’];[x:}’]::[X,J’])_F(Y:y"J’)) €
Z(R) forall x,y € L.

Since R is not of characteristic (2" — 2), we find
F(xyLxy)... [xyD) —FOy,....y)) € Z(R) for all
x,y € L. This implies that f([x,y]) — f(y) € Z(R) for
all x,y € L. Using (3.26), [x,y] € Z(R) forallx,y € L.
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This implies that[L,L] € Z(R). Now using Lemma 2.1,
we have L € Z(R).

Similarly, we can prove the result for the
case f([x,yD+ fy) + [x,y] € Z(R) forall x,y € L.

Using the similar techniques as we have used in the
proof of Theorem 3.11 and Theorem 3.12, we can prove
the following:

Theorem 3.13. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie
ideal of R. Let F:RxRX_T xR—>R be a symmetric
n-additive mapping and”f* be the trace of F. If
fx,yDF f(x) ¥ [y,x] € Z(R) forallx,y € L, then
LS Z(R)

Theorem 3.14. LetR be a semiprime ring of
characteristic not (2™ — 2) and L be a nonzero Lie ideal
of R. Let F:RxRx xR— Rbe a symmetric n-additive
mapping and f Bé'the trace of F.

If f(e,yDF f)F [y,x] € Z(R) forall x,y € L,
then L c© Z(R).

Theorem 3.15. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie
ideal of R. Let F:RxRxU xR—>R be a symmetric
n-additive mapping and”‘f” be the trace of F. If
f(e,yDF fxy) ¥ [x,y] € Z(R) for all x,y € L, then
LS Z(R).

Proof. Suppose,

f(lx,yD) = f(xy) = [x,y] € Z(R) for all

(3.28)

x,y € L.

Replacing y by y + zin (3.28), we get,

F(xyD) + £ (x,2D)
AR (") he(x, 1, [, 2]) = £ Gey)
— f ) = T2 he(xy, x2) — [x,y] — [x,2] € Z(R).

(3.29)
Using (3.28) and (3.29), we obtain,

YRo1() (b, y1, [x, 2D — ZR23 () huc(xy, x2) €
Z(R) forall x,y,z € L.(3.30)

Substituting y for z in (3.30), we get,
;(1;%(;) hk([x! Y], [x! YD)
TR by, xy) € Z(R)S

forall x,y € L.

This can be written as,
(QLACRINERDEX QI (ERINESY))
+(Dhs (b v e YD) + -4 (2 Dhnoa (91, [, 71
(Dha Gy, xy) = (G)ha (xy, xy)

(s ey, xy) = .. = (" ) e (9, x9)) € Z(R)

that is,

(1
U Z JFEAL1D bl [50)
(n-1)- times 1- times

()
* " JF([x,y]y[x,y],u Lol [
2 (n- 2)- times 2- times

()
* " JFE o1 [nol (50D
3 (n- 3)- times 3- times

(

)
o (D L 8 A TN, RS

1- times (n-1)- times

(n)
L JF(xy,A%U XY, Xy )
1 _— L
(n-1)- times 1- times
(0
L . JF(XJMX%D XY, Xy )
2 - o
(n- 2)- times 2- times
(0
_L HJF(XJAXJ/,D WXV, xy)
3 —_— ——
(n- 3)- times 3- times
\ )
n
0 'L JF( x , xwxv],xy) | €Z(R).
n-1 l;;: (n-1)- times

This implies,
() + @+ @)+ + () Feyl oyl o 63D

M+ + (§)+...+(nr_ll))F(xy, xy,...,xy) € Z(R).

Thus,

(Zn_Z)F([x,}’]:[x,}’],---,[x:}’])_ (271._
2)F(xy,xy,...,xy) € Z(R) forall x,y € L.

Therefore,

(Zn —2)(F([x')’],[X'Y],---,[XJ/])—
F(xy,xy,...,xy)) € Z(R) forall x,y € L.

Since R is not of characteristic (2™ —2), we find
F6 Y] 16 Y] 0 YD) = Fy,xy,...,xp) €
Z(R) forallx,y € L. This implies that f([x,y])—
f(xy) € Z(R) forall x,y € L. Using (3.28), we have
[x,y] € Z(R) for all x,y € L. This implies that[L,L] <
Z(R). Now using Lemma 2.1, we have L € Z(R).

Similarly, we can prove the result if f([x,y]) +
flxy) + [x,y] € Z(R) forallx,y € L.
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Theorem 3.16. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie
ideal of R. Let F:RxRx0 xR—R be a symmetric

BxKxd xR

n-additive mapping and f be the trace of F .
If f([x,y]) F f(xy) ¥ [y,x] € Z(R)for all x,y € L, then
L< Z(R).

Theorem 3.17. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie
ideal of R. Let F:RxRx0 xR—R be a symmetric

EXRx xR

n- times

n-additive mapping and f be the trace of F .

If fOOf)F [x,y]€ Z(R) for all x,y€ L, then
LS Z(R).

Proof. Let

fOf@) —[x,y]l € Z(R) forall x,y € L.(3.31)

Replacing y + z by y in (3.31), we get,

FOfO) + fOf (@) + f() TRz (F) e (v, 2) —
lx,y] — [x,z] € Z(R).(3.32)

Using (3.31), we obtam

fG) Z

This can be ertten as,

he(y,2z) € Z(R).

£ (D ,2) + (Dha(v,2) +
(Dha D+ +(, k-1 (7,2)) € Z(R). (3.33)

Substituting z by y in (3.33), we get,

o
f(x)“ JEwl ey
(n- 1)- times 1- times
()
i ; JF(y.y,D VoY)
2 &
(n- 2)- times 2- times
()
i g JFO2D 3 )
38 ) T
(n- 3)- times 3- times
( )
+ +k JF( y . oyl )| €Z(R)
1 ”’775’5 (n-1)- times

forall x,y € L.

that is,

F@ () + )+ O+ 4" )) FOL Y. ) €
Z(R) forall x,y € L.

This implies,

2" -2)f()F(W,y,...,y) € Z(R) forall x,y € L.

Since R is not of characteristic (2" — 2), we have
fCO)F(W,y,...,y) € Z(R) forall x,y € L. This implies
that f(x)f(y) € Z(R).

Using (3.31), we obtain [x,y] € Z(R) for all x,y €
L.ie. [L L] € Z(R).

Application of Lemma 2.1,we get the result.

Similarly, we can prove the result if f(x)f(y) +
[x,y] € Z(R) forall x,y € L.

Theorem 3.18. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie
ideal of R. Let F:RxRx0 xR—R be a symmetric

ExRXU xK

n- times

n-additive mapping and f be the trace of F. If

fOOfW) F [yv,x] € Z(R) forallx,y € L , then
L < Z(R).

Proof. The proof runs on the same parallel lines as
that of Theorem 3.17.

Theorem 3.19. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie
ideal of R. Let F:RxRx0 xR—R be a symmetric

EX KX XK

n-additive mapping and fb be the trace of F. If
fG)fy)+ xye Z(R) forall x,y € L,then L € Z(R).
Proof. Let

fO)f(y) —xy € Z(R) forallx,y € L. (3.34)
Replacing y + z by y in (3.34), we have,

FOfO) + FOf @ + ) ZRzi() b (0, 2) — xy —

xz € Z(R) forall x,y,z € L.(3.35)
Applying (3.34), we obtain,
f(x) Zﬁ;%(:) hy(y,z) € Z(R) forall x,y,z € L.

This can be written as,

£ (MG, 2) + (Dha(y,2) +
(D24 +( s (0,2)) € Z(R). (336)

Substituting z by y in (3.36), we get,

Flyyd .y, y)
- [
(n-1)- times 1- times

N——

(
f(x)L

+ Fyoll v p))
[ -
(n- 2)- times 2- times

n
2

o
N~ 7T

H o Fpd Ly 2)
3 — B
(n- 3)- times 3- times
( n ) )
o+ F(y . »yl.»)|eZ(R)
R S
- times n-1)- times

forall x,y € L

that is,
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F@ () + @)+ O+ (D)) FOLY,-.09) €
Z(R) forall x,y € L.

This implies,
" =2 f()FW,y,...,y) € Z(R) forall x,y € L.

Since R is not of characteristic (2™ —2). Then
fCOFE(W,y,...,y) € Z(R) for all x,y € L. This implies
that f(X)f(¥) € Z(R).

Using (3.34), implies that xy € Z(R) forall x,y € L.

Application of Lemma 2.2, we get the result.

Similarly, we can prove the result if f(x)f(y) +xy €
Z(R) forallx,y € L.

Theorem 3.20. Let R be a semiprime ring of
characteristic not (2" —2) and L be a nonzero Lie
ideal of R. Let F:RxRx xR—R be a symmetric

KxRxl xK

n-additive mapping and f‘be the trace of F. If
fOO)f)+ yx€ Z(R) forallx,y € L, then L € Z(R).

The following examples illustrates that R to be
semiprime and characteristic not (2" —2) for n>1 is
essential in the hypothesis of the above theorem.

Example 3.21. Let R
:{(a lg) |a, b,c € Z,ring of integers} and L

:{(0 8) | b € z}. Then Z(R)

:{(a 2)|a EZ}. Define map F:RxRxO xR— Rby

n- times

_ [ b1) (az bz) (an bn)
F‘((o c)’\0 ¢)''\0 ¢,
:(a1a2a3 . Qy 0)
0 0/
It can be verified that F is n-additive with trace f
defined by f:R — R such that

G D=r@ DG DG D

satisfying following hypothesis of the above theorems.
However, L € Z(R).
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