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On Special Fuzzy Differential Subordinations Using Generalized
Salagean Operator and Ruscheweyh Derivative
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Abstract: In the present paper we establish several fuzzy differential subordinations regardind the operator RD;’,, given

by RD;,:A— A, RD;,f(z)=(-0)R"f(z)+aDj f(z), where R"f(z) denote the Ruscheweyh derivative, D} f(z) is the

generalized Salagean operator and A={feHU), f(z)=z+a,z’ +...,zeU} is the class of normalized analytic

functions. A certain fuzzy class, denoted by RD) (8,A,a), of analytic functions in the open unit disc is introduced by

means of this operator. By making use of the concept of fuzzy differential subordination we will derive various properties
and characteristics of the class RD!(6,A.a). Also, several fuzzy differential subordinations are established regarding

the operator RD;', .

Keywords: Fuzzy differential subordination, convex function, fuzzy best dominant, differential operator,

generalized S a |a gean operator, Ruscheweyh derivative.

1. INTRODUCTION

One of the most recently study methods in the one
complex variable functions theory is the admissible
functions method known as “the differential
subordination method” introduced by S.S. Miller and
P.T. Mocanu in [12], [13] and developed in [14]. The
application of this method allows to one obtain some
special results and to prove easily some classical
results from this domain. More results obtained by the
differential subordinations method are differential
inequalities. From the development of this method has
been written a large number of papers and
monographs in the one complex variable functions
theory domain.

A justification of the introduction of the differential
subordinations theory was presented in [15], "knowing
the properties of differential expression for a function
we can determine the properties of that function on a
given interval.” By publication of the papers [15] and
[16] the authors wanted to launch a new research
direction in mathematics that combines the notions
from the complex functions domain with the fuzzy sets
theory.

In the same way as mentioned, the author can
justify that by knowing the properties of a differential
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expression on a fuzzy set for a function one can be
determined the properties of that function on a given
fuzzy set. The author has analyzed the case of one
complex functions, leaving as "open problem” the case
of real functions.

The author is aware that this new research
alternative can be realized only through the joint effort
of researchers from both domains. The "open problem”
statement leaves open the interpretation of some
notions from the fuzzy sets theory such that each one
interpret them personally according to their scientific
concerns, making this theory more attractive.

The notion of fuzzy subordination was introduced in
[15]. In [16] the authors have defined the notion of
fuzzy differential subordination. In this paper we will
study fuzzy differential subordinations obtained with the
differential operator defined in [4].

Denote by U the unit disc of the complex plane,
U={zeC:zlkl}and H(U) the space of holomorphic

functions in U .

Let A={feHU):f(z)=z+ayz*+...,zeU} and

Hlan)={fe HU): f(z)=a+a,z" +a, """ +...,z€U}
for aeC.
Denote by K:{feA:ReMerO,zeU}, the
f @
class of normalized convex functions in U .

In order to use the concept of fuzzy differential
subordination, we remember the following definitions:

© 2017 Avanti Publishers
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Definition 1.1 [11] A pair (AF,),
F,:X—0,1] and A={xeX:0<F,(x)<1} is called
fuzzy subset of X. The set A is called the support of
the fuzzy set (A,F,) and F, is called the membership

function of the fuzzy set (A,F,). One can also denote
A=supp(A,Fy).

where

Remark 1.1 [8] In the development work we use the
following notations for fuzzy sets:

Fypy(f(2)) =supp

(£(D).Fypy ) =z D:0 < Fyp f()< 1),

Fy)p(z)=supp

(P(U)Fyp) ) =12V :0 < Fyp (p(2) <13

We give a new definition of membership function on
complex numbers set using the module notion of a

complex number z=x+iy, x,yeR, |g=+/x*+)y* 20.

Example 1.1 Let F:C— R, a function such that
Fe(2)=|F(z), v
Fo(C)={zeC:0<F(z)<1}={zeC:0<|F(z)|<1}=sup
p(C.F) the fuzzy subset of the complex numbers set.
We call the subset F.(C)=U(0,1) the fuzzy unit disk.

zeC. Denote by

Definition 1.2 ([15]) Let DcC, z,eD be a fixed
point and let the functions f,ge H (D). The function f
is said to be fuzzy subordinate to g and write f <y g
or f(z)=<p g(z), if are satisfied the conditions:

L. flz0)=28(z).
2. Fyp)f(2) S Fypys(z), zeD.

Definition 1.3 ([16,
v:C’xU—>C and h
v(a,0,0)=h(0)=a. If p
p(0)=a and satisfies the
differential subordination

Definition  2.2]) Let
univalent in U, with
is analytic in U, with

(second-order) fuzzy

, N
Fu/(c3xu)W(p(Z)’Zp (2).2°p @D S Fyph(z), zeU, (1.1)

then p is called a fuzzy solution of the fuzzy
differential subordination. The univalent function ¢ is

called a fuzzy dominant of the fuzzy solutions of the
fuzzy differential subordination, or more simple a fuzzy

dominant, if FP(U)p(z)SFq(U)q(z), zeU, for all p

satisfying (1.1). A fuzzy dominant g that satisfies

F  g< Fq(U)q(z), zeU, for all fuzzy dominants ¢ of
q(U)
(1.1) is said to be the fuzzy best dominant of (1.1).
Lemma 1.1 ([14, Corollary 2.69.2, p. 66]) Let he A
and L[f](z)=G(z)=1j;h(t)dt, zel. If
z

Re[zh—(z)ﬂj>—%, zeU, then L(f)=GeK.

K (z)

Lemma 1.2 ([17]) Let & be a convex function with
h(0)=a, and let yeC* be a complex number with

Rey>0. If peHla,n] with p(0)=a, 1//:C2><U—>C,
, 1.

I/I(p(z),zp (z);z)=p(z)+;zp (z) an analytic function in

U and;

1 ! .
Fu/(c2 XU) (P(Z) + ;ZP (Z)j < Fyu)h(2),i.e.p(2)

(1.2)
+%zpy(z) <r h(z), zeU,
then Fp(U)p(Z)SFg(U)g(Z)SFh(U)h(Z)’ i.e.
p(2) <, g(2) <, h(2), zeU, where
Y

g(@)= J(:h(t)ty/”_ldt, zeu. The function ¢ is

yin
ng
convex and is the fuzzy best dominant.

Lemma 1.3 ([17]) Let g be a convex function in U
and let h(z) = g(z)+nazg (z), zeU, where >0 and n
is a positive integer.

If p(z)=g(0)+pnzn+pn+lzn+l+---; zeU, is
holomorphic in U and Fp(U)(p(z)Jroczp'(z))SFh(U)h(z) ,
i.e. p()+azp (2)<p h(z), zeU, then
Fy) (D) S Fy8(2), ie. p(z) <¢ g(z), zeU, and
this result is sharp.

We use the following differential operators.

Definition 1.4 (Al Oboudi [10]) For feA, 120
and me N , the operator D}’ is defined by D} :A— A,

D} f(z)=f(2)
Dif(z)=(1=2)f(2)+ Azf (z) = Dy f(2)>-..

D f(2)= (1~ A) Dy £ (2)+ Az( D} f(z))' =D, (D}'f(2)). €U.
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Remark 1.2 If feA and f(z):z+27:2ajzj, then
Dﬁnf(z)=z+27=2[1+(j—1)l]majzj, zeU.

Remark 1.3 For A=1 in the above definition we
obtain the S a |a gean differential operator [19].

Definition 1.5 (Ruscheweyh [18]) For feA,
me N , the operator R" is defined by R" :A— A,

R'f(2)= ()

R'f(2)=7 (2),

(m+1)Rm+1f(z):z(Rmf(z))y+mRmf(z), zeU.
Remark 1.4 If feA, f(z)=Z+27zzaij’ then

R f(2) =2+ 3 Co ), z€ U

Definition 1.6 ([4]) Let o,A>0, me N . Denote by
RD}', the given by RD},:A—A,
RD}', f(x)=(1-a)R" f(2)+aD} f(z), zeU.

operator

Remark 1.5 If fecA, f(z):z+27:2ajzj, then

RDY f(2) :z+27:2{0{[1+(j—1)),]m +(1—a)c,’,;’+j_1}ajzf,
zeU.

Remark 1.6 For o =0, RD},f(z)=R"f(z), z€U,
and for ¢ =1, RD;} f(z)=D}f(z), zeU. For A=1,
we obtain RD",f(z)=L.f(z) which was studied in [1],

[2], [5]. For m=0,

RD;,f(2)=(1-a)R°f (z)+ aD;f (z) = f () = R°f (2) = D f ()

, zeU. The operator RD}, was studied in [3], [4], [6],
[7].

Remark 1.7 This paper is a particular case for [9].

2. MAIN RESULTS

Using the operator RD;', defined in Definition 1.6
we define the class RD! (5,A,«) and we study fuzzy
subordinations.

Definition 2.1 [8] Let f(D)=supp
(£(D).Fyp ) =1z D:0<Fy, f(z) <1}, where F,, - is

the membership function of the fuzzy set f(D)

asociated to the function f. The membership function

of the fuzzy set (uf)(D) asociated to the function pf
coincide with the membership function of the fuzzy set
f(D) asociated to the functon f, ie.
Foupo (1f)(2)) = Fyf(2), zeD. The membership

function of the fuzzy set (f+g)(D) asociated to the
function f+ g coincide with the half of the sum of the

membership functions of the fuzzy sets f(D),
respectively g(D), asociated to the function f,
respectively g, ie.

F(f+g)(1)) ((f + g)(z)) = Ff(D)f(Z) ;- Fg(D)g(Z)

, 2€D.

Remark 2.1 [8] ., ((f+¢)(z)) can be defined
0<F,,f(z)<1  and
evidently that

in other ways. Since
0<F,,e(z)<1, it is

0<F,gm((F+8)(2)) <1, zeD.

Definition 2.2 Let 6€[0,1), @,A20 and meN . A

function f e A is said to be in the class RD! (5,1,¢) if
it satisfies the inequality;

F . (RDyf(2)) 6. zeU. (2.)

(rDg 1) )

Theorem 2.1 The set RD! (5,1,a) is convex.

Proof. Let the functions f(z)=z+Y, a,z’,

k=12, zeU, be in the class RD!(5,A,@). It is
sufficient to show that the function
h(z)=n.f,(z)+n,.f,(z) is in the class RD!(5,1,2),
with 1, and n, nonnegative such that n, +n, =1.

We have K (z)= (.ulfl + 1, /o ) (2) = f (2)+ 1.1, (2),
ze U ,and

(RD,h(2)) =(RD}, (1, + 11.5,)(2))
= 11, (RD}, f,(2)) + 1, (RD}, £, (2))
From Definition 2.1 we obtain that

(RD},A(2)) =

RDj{’ﬂh) ()

(RDY, (w1, + 11.1,)(2)) =

S > R

RO (i, 15 ()

7 (,ul (RDzlln,afl (Z)) + U, (RD/lln.afz (Z))) =

RO (i fi it 1)) ©)
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F o (o))

(s0fta)

(1107 055 ©) (“2 (RDL, (Z))I)

2

F . (RDIfi(2) +F (RD}.£,(2))

(rogi ) @) (rog ) )

2

Since f.f, eRD!(5,2,0) Wwe have §<F :
(Rl)g’ﬂfl)(U)
(RDy,f,(z) <1and §<F (RDp.£,(2)) <1, zeU.
’ RO £, (©)
(R0 () +F (RDFof3 (2)

Therefore s (2% (R LG »

2

and we obtain that & < F (RD},h(z)) <1, which

(RDj’ﬁah)(U)
means that heRD) (6,1,a)

convex.

and RD!(6,A,a) is

We highlight a fuzzy subset obtained using a

. . 1+z
convex function. Let the function h(z)=l+—z, zeU.
-z

After a short calculation we obtain that

Re(Zh, (Z)+1J:Rel+—z>0, SO

h (z) 1-z

h(U)={zeC:Rez>0}. We define the membership
function for the set h(U) as F,, (h(z))=Reh(z), zeU
and we have
Fyh(z)=supp(n(U).F,, | ={zeC:0 < F,, (h(z) <1}
={zeU:0<Rez<1}.

hek and

Theorem 2.2 Let g be a convex function in U and

let h(z)= g(z)+ng‘ (z), where zeU, ¢>0.
c+2
I f € R} (8.2,0) and G(2)=1.(£)(2) = [ (et
zeU, then;
F( i )(RDam,af(Z))‘ <Fyyh(2).ie(RD}, f(2)) <, h(z).z€U,
RDj{a/ U
2.2)
implies FRDT,&G)(U) (RD},G(z)) SF,8(2), ie.

(RDﬂaG(z))’ <, g(z), zeU, and this result is sharp.
Proof. We obtain that;
G (2)=(c+2) [ 1 f(1)ar. (2.3)

Differentiating (2.3), with respect to z, we have
(c+1)G(z)+zG‘ (z)=(c+2)f(z) and;

(c+1)RD},G(2)+2(RD},G(2)) = (c+2)RD}, f(2), zeU.
(2.4)

Differentiating (2.4) we have

(RD},G(2)) + =(RD},f(2)) .z eU.

(2.5)

! > Z(RDZQG(Z))“

c+

Using (2.5), the fuzzy differential subordination (2.2)
becomes

e elko, () |

FR%G(U) ((RDZfaG ( Z)),

o (2.6)
<Fy) (g(Z)+ %zg (z ))
If we denote;
p(z)=(RD},G(2)) .z €U, (2.7)
then pe H[L1,1].,
Replacing (2.7) in (2.6) we obtain

1 , 1 \
B[+ 52 @) )5 £ 0+ 5% 2)).
zeU. Using Lemma 1.3 we have F,, p(z)<F,,g(z),

U.ie. F RD" G(z)) < F
ze l.e (RDT’[ZG) (U)( Ao (Z)) (

»8(z), zeU, and

g is the best dominant. We have obtained that

(RD;Z(XG(Z))’ <F g(Z) , z€eU.

Theorem 2.3 Let h(z)=1+(12f—_l)z, 5¢e[0,1) and
z
c>0. If a,A>0, meN and
c+2
1L(N)="3 e (0)dr zeU, then;
1[RD} (8. M) RD. (5", A.¢xr), (2.8)
where 86 =25-1+(c+2)(2-26)B(c) and
1 tx+l
BL)=],—

Proof. The function & is convex and using the
same steps as in the proof of Theorem 2.2 we get from
the hypothesis of Theorem 2.3 that

1 . .
FP(U)(p(z)+mzp (z))SFh(mh(z), where p(z) is

defined in (2.7).
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Using Lemma 12 we  deduce that
F,,(U)p(z)Sli,(U)g(z)sFh(U)h(Z), ie.
F(Rngl 6)w) (RDZ“G(Z)) < Fy8(2) S Fyh(2), where

c+2 e 1+ (26-1)t
g(Z)— Zr+2 J.Ot 1+l

. _ Zc+l
dt=(25—1)+M.|.olt:dt. Since g is

c+2
<

convex and g(U) is symmetric with respect to the real
axis, we deduce;

RD},G(2) 2minFy, 8(2) = Fyys(1)  (2.9)

(RDj{”aG)(U) (

and & =g(1)=26-1+(c+2)(2-268)B(c). From

(2.9) we deduce inclusion (2.8).

Theorem 2.4 Let g be a convex function, g(0)=1

and let & be the function h(z)=g(z)+2z¢(z), zeU. If
a,220, meN, feA and satisfies the fuzzy
differential subordination

F . (RD},f() S Fyh@),ie(RDL (D) <, h2),z €U,

(rog o) @)

(2.10)

RD; . f(2) _

then . Fn8(2), ie.

RD’V!
# <, g(z), zeU, and this result is sharp.

Proof. By using the properties of operator RD}

Aot

we have
RD}, f@ =2+ fa[1+(j-1)A] +(1-
zeU.

Consider
RD}
ma=—4%59=

z+2j=2{a[1+(j_1)l]"’+ a)Cr 1} az

Z
=1+pz+p,z° +...,zeU. We deduce that p e H[1,1].

Let RD;,f(2)=2p(2),

obtain (RD},f(2)) = p(2)+2p'(2), zeU. Then (2.10)
becomes
(p(z)+zp (z))<F h(z) F (g(z)+zg (z)) zeU.

zeU. Differentiating we

m j
O‘)CerH }ajz >

By using Lemma 1.3, we have F ) p(2) < Fy8(2),

: RD;,f(2)
zeU, i.e. FRD%NU) 7 < Fg(U)g(z), zeU. We
obtained that (RDj,f(x)) <, h(z), z€U, and this

results is sharp.

Theorem 2.5 Let 4 be an holomorphic function

2 (z>)>_1
h(z)

>

which satisfies the inequality Re(1+ 3

zeU, and h0)=1. If a,A>20, meN, feA and
satisfies the fuzzy differential subordination

F \ RD’"(X (Z) ' <F h z ’i_e. RDma (Z)
(RD;ln,af) (U)( rat ) Ww) ( ) ( f )
'-<F h(Z)’ Z€E U,
(2.11)
RDZIaf(Z) .
then R[)i"af(u) f < F;(U)q(z) , ie.

<, q(z), zeU, where q(z)——Jh(t)dt The

function ¢ is convex and it is the fuzzy best dominant.

Proof.Let
z

Z

p(2)=

1+ fo[1+(j-)A] +(1-0)cp, ae =

1+, p" zeU, peHILIl.

from Lemma

Since Re(l+M)>—l, ze U,

h(z) 2
1.1, we obtain that ¢(z) = l‘[:h(t)dt is a convex function
z

and verifies the differential equation asscociated to the
fuzzy differential subordination (2.11)

q(z)+zq (z2)=h(z), therefore it is the fuzzy best
dominant.

Differentiating, we obtain (RD;"’(,f(z))‘ = p(2)+2p (2),

for zeU and (2.11) becomes

Fu) (P(2)+2p () S Fy)h(z), z€ U. Using Lemma 1.2,

we have 0)P(@) < Fyq(2), zeU, ie.
RD;, f (z)

RO (0) )4(), ze€U. We have obtained

RD;, f(2) .
Z

that »q), zeU.
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1+Q2B-1)z

1+z
functionin U, 0<B<1.If ¢,A>20, meN, feA and
satisfies the fuzzy differential subordination;

Corollary 2.6 Let Ai(z)= a convex

F . (RD}f@) SFh(z).ie RD,F@) <, h(2).z €U,

(R0 ) @)

(2.12)

RD;, f(2) ,
ROYW) g <F4q(z). ie.

where q is
q(2)=2p- 1+2

is convex and it is the fuzzy best dominant.

then <r q(2),

given by

RD}, f(2)
Z
zeU,

B)ln(1+z), zeU. The function ¢

1+2B-1)z

Proof. We have #h(z)= - with £(0) =
z
h'(z)=L_§) and A'(z =4(1_€), therefore
(49 (1+2)
Re 7h' (z )+1 — Re (1—_z) — Re l—pcosﬂ—ips?ne _
h (z) 1+z 1+ pcosO+ipsind
2
=p 0>—l.

— >
1+2pcosf+p’ 2

Following the same steps as in the proof of

RD)V!
Theorem 2.5 and considering p(z)=ﬂ, the
Z
differential subordination (2.12) becomes
(p(z)+zp (z))<F i(z), zeU. By using

m
RDY'  f

Lemma 1.2 for y =1, we have Fp( p(z)SF q(z), i.e

RDWf(@) _ _
o 0d@ and q(z —j h(t)dt =
1p=1+Q2B—-1) 2(1-p)
ZJOTdt_ 2B-1+—H - In(1+z), zeU.

Example 2.1 Let h(z)=% a convex function in
Z

U with 2(0)=1 and Re[zh, (Z)+1j>—%.

h(2)

1

Let f(z)=z+12, zeU. For m=1, A=—, a=2,

[\)

we obtain RD| f(z)=-R'f(z)+ 2Djf(z)=—3f (2)+

27 2

ZK%f(Z)‘*‘%Zf‘(Z))=f(z)=z+zz, zeU. Then
‘ RD; f()
(RDﬁ f(z)] =f(z)=1+2z and =1+z. We
27 z

have ¢(z)=2 01;;dr=—l+w.
Z

Using Theorem 2.5 we obtain 1+2z<Fi_—Z,

+z
2In(1+
ze U, induce 1+z<, —1+M, zeU.
z
Theorem 2.7 Let g be a convex function such that

2(0)=1 and let & be the function h(z)= 2(2)+ 28 (2),

zeU. If a,A20, meN, feA and the fuzzy
differential subordination F (MRD;'“]P(Z)_

RDF V) “
(m+1)(2m+1) m’

R () + "= RDL 1 ()-

a[(m+1)(m+2) ”

- D f(2)
(m+1)2m1)- 204

+ { p A }Dfﬂf()
o|m -]

- D} f(z) < Fyh(z),ie
(D) ) - B s )+ i ) -
a (m+1)(m+2)—L2 o (’"*1)(2”’“)_2(1;”

[ : ’Jpgfﬂf(m { Y-

o|m-0S2]

- D} f(z)=, h(z), zeU, (2.13)

holds, then F

RDj{'ﬂ f) (U)

[RD}, f(2)] <F,8(z), ie.
[RD}, f(2)] <, g(z), ze€U. This resultis sharp.

Proof. Let

P =(RD},f(2) =(1-a)(R"f(2)) + (D} f(2) (2.14)

:1+2;2{(1[1+(j—1)l:|m +(1-a)cr,, l}jajzjfl

=1+ p,z+ p,7° +.... We deduce that p e H[1,1].

By using the properties of operators RD;,, R" and
D}, after a short calculation, we obtain;
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(m+1)(m+2) (m+l)(2m+1)

p(R)+2p ()= RD} f(2)-

2
RD} £ (2) + mTRDi",af(Z)—

o (m+1)(m+2)—;2:| ()
L DZH—Zf z +

<

o (m+ 1) (2m+ 1) 2(; A)

- -

}fo(z)-

Using the notation in (2.14), the fuzzy differential
subordination becomes
Fy) (P(2)+29 (D)) S Fypyh(x) = F (8@ +28 (). By
using Lemma 1.3, we have F,,p(zx)<F,,8(z), z€U,

ie. F . (RD},f() <Fg8(. zeU, and this

RDY' ( 1(U)

result is sharp.

Theorem 2.8 Let 4 be an holomorphic function
which satisfies the inequality Re 1+M >—l
h(z) 2

zeU, and h(0)=1. If @¢,A>0, meN, feA and

satisfies the fuzzy differential subordination;

>

(m+1)(m+2)

RDY' ( f(U)

RDI £ (2) (m+1)(2m+1)

) a[(m+l)(m+2)—%

RDL () + " RO £ (2)- }DZ’”J‘(Z)

2(1—/1)}
2, D;:ﬁlf(z)_

Z Z
DZ’f(z)) < F,I(U)h(z) ,i.e.

O{(m+1)(2m+l)—

+

(m+1)(m+2)RD:{,+2f(Z)_(m+1)(2m+1)
o Z
, Oc|:(m+l)(m+2)—%}

RDIf(2)+ ”%RD;;‘ £(2)- - DI f(z)+
a| (m+1)(2m 1)~ 2(;”}

L D?Hf(z)—

) Z
o mz _(1 ;’}) }

- D} f(z)=, h(z), zel, (2.15)

then Fo 0 (RD},f(2)) SFq(2)-ie.
(RDZaf(z))‘ <,q(z), ze€U, where ¢ is given by

q(2) =1J:h(t)dt. The function ¢ is convex and it is the
b4

fuzzy best dominant.

Proof. Since Re 1+Zh, (2) >—l, zeU, from
h(2) 2

Lemma 1.1, we obtain that ¢(z) =1J:h(t)dt is a convex
Z

function and verifies the differential equation
asscociated to the fuzzy differential subordination

(2.11) q(z)+2q (z) =h(z), therefore it is the fuzzy best
dominant.

Using the properties of operator RD;, and
considering p(z)= (RD,{'faf(z))' : we obtain
‘ 1 2
P+ (2) = MRDZW&) -
(m+1)(2m+1) 2

RDYf(2)+ ’"TRDz,af(z%

o (m+1)(m+2)—;2:| ()
L DZH—Zf z +

al(m+1)(2m+1)-

Z

Then (2.15) becomes F,, (p(2)+2p (2)) < Fyyh(2),
zeU. Since pe H[1,1], using Lemma 1.2, we deduce
Fyp(2) < Fq(2), ze U, ie. Fon 01 (RD}, f(2) < Fyq(2),
zelU.

1+2B-1)z
+z

function in U, where 0<fB<1. If a,A>0, meN,

f €A and satisfies the fuzzy differential subordination

(m+1)(m+2) (m+1)(2m+1)

Corollary 2.9 Let h(z)= be a convex

. RD} £ (2)- RD}; £ (2)
A

. o (m+1)(m+2)- ;|
R0, 1 (2)- Ay
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a[(m +1)(2m+1)- 2(1);)”} -

+ . H f(z)—
[mz_(l_i)ZiI
; D} f(2))
SFh(u)h(Z)v I.e
(m+1)(m+2) RDZ:Jer(Z)_ (m+1)(2m+1) RDZH.]f(Z)‘{‘
) o|(m+1)(m+2)- L
ijDZ’,af(Z)— [ . A JD;””f(z)+
_ , (1-A)
o (ma 1) (2m+1)-20-A) a[m - }
| — }Di”“f(Z) :
D} f(z)=<, h(z), zeU, (2.16)

then £, o \RDLF@) <Fyya(z), €. (RDLLFQ) <, g(2),
q(z)=2p~-1

1+z), zeU. The function ¢ is convex

zeU, where g is
$ 2B
z

given by

and it is the fuzzy best dominant.

Proof. Following the same steps as in the proof of
Theorem 2.7 and considering p(z):(RD{faf(z))y, the
differential subordination (2.16) becomes
FP(U)(p(z)+zp'(z))SFh(U)h(z), zeU. By using Lemma

1.2 for y=1, we have FP(U)p(z)SEI(U)q(z), i.e.

Ay (RDLF(2)) < F(2) e (RD},£(2) <, q(2),
RD),,D( U

1 _ s+ @B
andq(z)—zjoh(t)dt_ZJO—IH dr=2B-1+
2(1-p)

In(l+z), zeU.
z

Example 2.2 Let h(z)=% a convex function in
Z

U with 2(0)=1 and Re[zh (Z)+1j>—%.

h(2)

Let f(z)=z+12, zeU. For m=1, A=—, aa=2,

N | —

we obtain  RD} f(z)=-R'f(2)+2D}f(z)=~3f () +

2

2(3 7@+ (@)= 1) =242 ane

(m+1)RD, f(z) = (m~1)RD], f (2)

1
- 1——
(X(m+ ﬂ,)

[01°f(2)-Dif(e)] =2RD} f()=-2+22,  where

RD? f(2)=—R*f(2)+2D} ()= —(1+3z2)+2(%z+%z2)

idt=_1+21n(l+z)-

1 ¢z
=-1+z. We have ==
¢ Y q(z) Z'[Ol+t Z

Using Theorem 2.8 we obtain —2+2z<FF,

+z
. 2In(1+z
zeU, induce z+7° <, —1+¥, zeU.
Z
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