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Matrix Transforms by Factorable Matrices
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Abstract: In the present paper an overview of existing results on matrix transforms of summability and absolute
summability domains of matrix methods by factorable matrices is presented. Under the notion “multiplicative matrix” we

consider a lower triangular matrix M =(m,, ), where m, =r,v, with r,,v, €C.
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1. INTRODUCTION

In this paper matrix transforms of sequence spaces
by factorable matrices are investigated. Throughout in
the present paper by M we denote a factorable matrix;
i.e., M=(m,) is alower triangular matrix, where,

= < :
m, =1y, k<n; r,v eC.

n'k°

The set of all factorable matrices we denote by F.
Also throughout this paper, we assume that indices and
summation indices run from 0 to o unless otherwise
specified. Let w be the set of all sequences with real
or complex entries, mc w the set of all bounded
sequences, ¢ c m the set of all convergent sequences,
¢, < ¢ the set of all null sequences,

cs = {x = (xk):Ellimzn:xk},
" k=0
l:z{x:(xk):zn: <°°},
k=0

bv={x=(x):(Ax)el}, Ax, =x,

xk
BRI TR

Moreover, let A:(“nk) be a matrix with real or
complex entries and;

Ax = Z a,x , Ax= (Anx)
k

for every x=(x,)ew. Let X,Ybe some subsets of
w and;

X, :={x=(xk)ew:AxeX},
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(X,Y):={A=(ank):AxeroreveryxeX}.

A matrix A4 is called reversible if the infinite system
of equations z =4 x has a unique solution for each

sequence (z,)ec,and normal if 4 is lower triangular
with @, #0. Necessary and sufficient conditions for

YcX, if X,Y=ccycs,l,bv have been widely
investigated; referring only to monographs [1], [12] -
[15] and [37], a good overview has been given also in
[35]. Also the inclusion X, c Y, for X.,Y=c,c,,cs,,bv
(B is a matrix with real or complex entries) has been
well investigated for reversible or normal 4; see also
[1], [12] - [15] and [37]. Necessary and sufficient

conditions for a matrix De(X,,Y) if

X,Y =c¢,cy,cs,0,bv in case of reversible or normal 4

have been presented, for example, in papers [2], [5]-
[7], [10], [11], [36], and in textbook [1]. Often these
necessary and sufficient conditions are difficult to
check. Due to the simple structure, better controlled
conditions can be obtained for a factorable matrix M.
In this paper, we give an overview of the known results
on matrix transformations by factorable matrices; we do
not consider the topological properties of factorable
matrices. Note that the topological properties of
factorable matrices can be found, for example, from
papers [16]-[26], [28], [29], [31-34] and [38].

The paper is organized as follows. In Section 2,
some examples of factorable matrices have been

introduced. In Section 3, the summability domain ¢,

for MeF has been described. In Section 4,

necessary and sufficient conditions for /, ccs,, and

l,cl,, for a normal matrix A have been presented.
In Section 5, necessary and sufficient conditions for
M e(c,,cp), if A is the Cesaro method C” of order
o, aeC;o#-1,-2,..., have been described.

© 2018 Avanti Publishers
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2. SOME WELL-KNOWN SUMMABILITY METHODS
DEFINED BY FACTORABLE MATRICES

First we introduce the class of normal factorable
matrices.

Theorem 2.1 ([9], p. 2-3). A normal matrix A=(a,, )

is factorable if and only if its inverse is bidiagonal.

Proof. Necessity. Let A be a normal factorable
matrix; i.e., a, =71,V Then it is easy to find that

A7 =(a}}) is a normal matrix with;

1/ry ifk=n,
a,=3-1/r_y,  ifk=n-1, (2.1)
0 otherwise.

Hence 47! is bidiagonal.

Sufficiency. Let A be a normal matrix with a
bidiagonal inverse 4™ =(a})); i.e.,

-1 -1
Ay =& an,n—l = ﬁn—l(n 2 1)’

a,=0for 0<k<n-1.
Then a, =1/, , and;

- +a al =0.

an,n—lan—l,n—l nn - n,n—1"

This implies;

_ ﬁn—l

n,n—1 ’

o o
n—=1"n

for n>1. Now with the help of mathematical induction
it is possible to show that;

for k<n-1 and n=1. Thus A is factorable.

Further we introduce some well-known matrix
methods of summability, which are defined by
factorable matrices.

2.1. A weighted Mean Method of Riesz (R,p, )

A summability method (R, p,) is defined by a lower
triangular infinite matrix 4=(a,) with a,=p, /P,
where;

Py>0, p20and B =Y p.
k=0
It is easy to see that (R,p,) is a special case of a
factorable matrix obtained by setting
rn =1 / Pn

v, =p, and

2.2. Method of Cesaro C! of Order One

The method C' is a special case of (R,p,), where

=1 ie., C1=(ank) is a lower triangular infinite
matrix with,

1
a, = s k<n.
n+l

2.3. p-Cesaro Method (C,p) of Order One

(C, p) is defined by a lower triangular infinite matrix
A=(a,, ) with (see [16], p.127),

1
= sk<n, p>0.

(1P

an/c

Indeed, setting v, =1 and r =1/(n+1)", we see
that (C, p) is factorable.

2.4. Generalized Cesaro Method (C,1,i) of Order
One

(C,Lk) is defined by a lower triangular infinite
matrix 4=(a,, ) with (see [16], p.127-128),
1

a, = s k<mn, i>0.
G ’

Taking v, =1 and r,=1/n+i, we see that (C,1,i)
is factorable.
2.5. H-J Generalized Hausdorff Matrices

Let (4,) be a strictly increasing sequence of real
numbers satisfying the properties,
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0<A, <A <..<A, <.,

limln =0, i%zw'

n=1"n

Such a sequence (4,) we shall call admissible. Let

(u,) be a sequence of real numbers. The generalized

Hausdorff matrix, shortly H-J matrix, is defined by
H:(hnk)a

My =Xy A [l s, 1, k<o,

where [ ] is the divided difference defined by;

e T By
[.ukuuk_,.l] ’ lkﬂ _ ;Lk
and,
[/J sees U ]_[.u a'“s.un]
[‘uk’.“,‘un]:= k 1 k+1

)’n _/lk ’

with the understanding that the product 4,,,.4, =1
if k=n (see [8-9]).

It has been shown in [9] that under certain
conditions, a conservative (or regular) H-J matrix is
factorable.

Let us remember that a matrix A is said to be
conservative if Axec for every x=(x,)ec, and

regular if lim 4 x=limx, for every xec. It is known
n

(see [8-9] that an H-J matrix is conservative if and only
if there exists a function of bounded variation y over

[0;1] , such that;

1

j ld ()| < e, (2.2)
0

where the
Moreover,

integral is a Riemann-Stieltjes one.

1
W= len dx(x).
0

Theorem 2.2 ([9], p. 3-6). Let H be a conservative
H-J matrix with lo =0. Then H is factorable if and

only if;

A
u =—2— where o=t ,
" A, ta 1—p,

or u,=1, u, =0 forall n>0.

Theorem 2.3 ([9], p. 6-7). Let H be a normal

conservative H-J matrix with lo >0. Then H is
factorable if and only if;
b A=A
,un=—#0 , Where o= h) °)>lo.
Ay =g th My = 1y

2.6. E-J Matrices

E-J matrix is defined by E® =(¢l%)), where (see
[8-9];

A, =p, —p, ., and A"y = AA" ) -
Necessary and sufficient condition for an E-J matrix

to be conservative is the existence of a function of
bounded variation y over [0:1], such that (2.2) is
satisfied. For the E-J matrices the diagonal entries take
the form ([9], p.7),

1

eif:) = Ix"md)((x).
0

It is easy to see that the E-J matrix is the special
case of the H-J matrix with A, =n+a.

Theorem 2.4 ([9], p. 6-7). Let E“ =(\?) be a

normal conservative E-J matrix. Then E% s
factorable if and only if;

c
&) = Ho
nn

, Wwhere ¢= e N
n+c Ly — I,

3. SUMMABILITY DOMAINS OF FACTORABLE
MATRICES

In this section we consider factorable matrices with
nonnegative entries; i.e., we consider the subset

F* c F defined as follows:

Fr={M=(ry)eF:v,r >0y 20k=12.]}

We describe the summability domains of M e F*
via (R, p,). For this purpose for each factorable matrix
M=(ryv,)eF we use its associated Riesz matrix

(R,v).

First we present some auxiliary notions and results.
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Lemma 3.1 ([13], Theorem 2.3.7 or [35],
Propositions 11 and 23). A matrix A=(a,) Is
conservative if and only if;
there exist finite limits lima,, =s,, (3.1)

n
there exist finite limits limZank =t, (3.2)

k

Z|ank| =0(l).
k

A matrix A is regular if and only if conditions (3.1) —
(3.3) are satisfied and s, =0, t=0. A matrix A is

, If and only if conditions (3.1) and (3.3)
are satisfied and s, = 0.

regular for c

A matrix 4=(a, )is said to be coercive if mcc,.

Lemma 3.2 ([13], Theorem 24.1 or [35],
Proposition 10). A matrix A=(a,, ) is coercive if and
only if conditions (3.1) and (3.3) are fulfilled and

lim z
"k

Lemma 3.3 ([13], p. 51). A coercive matrix cannot
be regular.

a, —sk|= 0.

From Lemma 3.1 it is easy to conclude that
M e F" is conservative if and only if there exist the
finite limits;
limrV =g,V :=ka,
n
k=0

limr =r,
n

and MeF"' isregularif r=0 and ¢g=1.

A conservative matrix
coregular if;

A=(a,)is said to be

p(4)=lim Y a, - lima, 0,
n & K n
and conull if p(4)=0.

Lemma 3.4 A conservative matrix M =(ryv,)eF"
is coregular ifand only if r=0 and q#0.

Proof. Necessity. Let r=0 and

obviously p(M)#0.

g #0.Then

Sufficiency. Let p(M)#0. Then;

limrV # Z(Iim r )vk
n & n
or
limr V. #rlimV . (3.3)
n n

If r#0, then there exists the finite limit liann’
since, due to conservativity of M, liinrnVn exists.
Hence, li’r1nrnVn = rli;n V., which is in contradiction with
(3.3). Thus =0 and qzlinmrnVn #0.

We note that Lemma 3.4 was given in [27] without
proof.

Theorem 3.5 ([38], p. 380). A conservative matrix
M =(r,v,)e F" is either coregular or coercive.

Proof. If g=limrV =0, then,
1
n n n V_n

This implies that M is coercive.

r=limr, =0, then M is

n

If g=IlimrV #0 and
coregular by Lemma 3.4. If ¢g#0 and r=#0, then
lim(r, =)V, =0-V =0.

limV =V <eo. Hence

Therefore M is coercive by Lemma 3.2.
([38], p. 380-381). Let

M :(rnvk)eF+ be conservative. Then the following
assertions hold:

Theorem 3.6

(i) SR € Cur and;
lim M x=glim (R,v,) x (3.4)
n n

forevery x e SR,
(i) If v, #0 for infinite numbers of indices k, then

Cor CCruy if and only if ¢ #0.
Vi

Proof. (i) As M is conservative and,

n n
1 2

Mnx = rn kaxk = I"nVn ' 7 kak = rnVn (R’vk )nx (35)
k=0 n k=0
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for every xec then xec

s Moreover, relation
(Rv,)

e
(3.4) holds for every x e C(Rov,) by (3.5).

(i) If ¢g= hin r V., #0, then the inclusion ¢, (R,

follows from (3.5). Assume that ¢ =0. We show

that then c,, ¢, - Let (1) (i€ N) be the set

of indices, such that vy #0 and v, =0 for
nég(n). Let;

k; :=min{ nST<n,, i, =max{rk n, Sk<n[+l}}.

Now we define inductively a sequence x =(x,)ec,,

by setting x, =1 and;

1 Ve &
— —’—Evkxk ifn=n, forsomeie N,
xn =1V rk,- k=0
0 ifng{nieN}.

i i Vdl
N -
_ VX, + Z VX, |= . Vk‘ " (3.6)
k=0 k=0 k;

for every ie N. As limrV =0 and V, 2v,>0, then
r=0. This implies r, /7 =0(1), since r,>0. Hence

lim M, x =0 by (3.6). For n, <n<n,, we have;

r I
MXx=r va——"sz”—‘Vr— vV, r
n n k7 k r n; ror k" k; k" k,
k=0 n; n, k, ;

Consequently lim M x =0. On the other hand,

1 1
(Rv,), X=——— [y r = ,
' Vit T ¥ Vir

i i i

by (3.5). Therefore lim (R,v,), X =coji.€., X €¢ , ,.SO
n i Tk

CMQC(R,V]().
As r=0 and ¢g=1 for a

M=(rv)eF", then from Theorem 36 we
immediately obtain the following result.

regular method

Corollary 3.7. Let M:(rnvk)eF+ be regular and
v, 20 for infinite numbers of indices k. Then

y = Croy

Theorem 3.8 ([38], p. 381). Let M =(r,v,)eF" be
conservative. Then the following statements hold:

(i) If M is coregular, then (R,v,) is regular.
(i) If (R,v,) is regular, then M is regular for c,.

Proof. (i)

1
V,=rV,  —,
rl’l

then limV, =;i.e., (R,v,) is regular.

As r=0, g#0 and,

(i) As limV, and M is conservative, then we

obtain r=limr, = limLJim rV =0

i.e., Mis regular for c,.

Theorem 3.9 (cf. [38], Proposition 2.5). Let
M :(rnvk)eF+ be conservative. Then the following
statements hold:

(i) If (R,v,) is coercive, then M is regular coercive.
(i) If r=0, then (R,v,) is coercive.

(i) If r=0, then (R,v,) can be both either coercive
or regular.

Proof. (i) As V=IlimV =c for regular (R,v,)

and coercive (R,v,) cannot be regular by Lemma 3.3,

then V' <o for coercive (R,v,). This implies that,
lim(r, =r)V, =0-V =0. (3.7)

Hence, M is coercive by Lemma 3.2.

(i)  As M is conservative, then there exists the limit
g=limrV <e by Lemma 3.1. Therefore, due

to 20 and v;>0,v, 20, we obtain that there

exists the limit V:IimVn with 0#7V <oo. This

implies the existence of the finite limit

fulfilled  for

. 1
Iim—=—.

Hence (3.7) is

r,=1/V .Consequently (R,v,)is coercive by
Lemma 3.2.
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(i) Let r =1/(n+1>. If ¥ <eo, then both M and
(R,v,) are coercive. If, for example, v, =1, then

M is coercive and (R,v,) is regular.

Remark 3.10. From the proof of Theorem 3.9, we
can conclude that the assumption of coercivity of M in
Proposition 2.5 of [38] is redundant.

Now we describe conservative matrices which are
stronger than a given factorable matrix. We remember
that a matrix B is said to be stronger than matrix A if

CACCB.

Theorem 3.11 ([38], Theorem 2.7). Let

M=(ryv,)eF" be coregular with v >0. Then a
conservative matrix B is stronger than M if and only if;

: b,
(i) ( k ] ec, for every n,

Vi

n,k+1

b, b
—nk _ =0(1).
Vi Vi

OEEWA
k

Proof. (i) Using Theorem 3.8 (i) we obtain that
(R,v,) is regular. In addition, ¢ by Theorem

M = SRy,
3.6. Now the assertion of the theorem follows from
Theorem 3.2.8 of [13].

From Theorem 3.11 and Corollary 3.2.10 of [13] we
immediately get the following result.

Corollary 3.12 (cf. with Theorem 1 from [27]). Let

M =(ryv,)eF" be coregular with v, >0. Then ¢, =c

M
ifand only if (V,/v,)em.

Further we describe the summability domains of
M e F* via C'. For doing it, we need some notions
and auxiliary results. We remember that matrices A
and B are said to be consistent if lim B x=1im 4 x

forevery xec, Ncy.

Lemma 3.13 ([13], Theorem 2.6.2). Let A be a
normal matrix and B a triangular matrix. Then B is
stronger than and consistent with A if and only if

C = BA™" is regular.

Theorem 3.14 (cf. [30], Theorem 2.1). Let
M=(ry,)e F* be a regular normal matrix, where the

sequence (v,) is monotone and;

m<(n+lry <M,

for some constants m and M.

Then ¢

positive
M =Cors and M and C' are consistent.
Proof. First we show that ¢, cc,,. Let c'=(c,)

be the inverse matrix of C'. Then with the help of (2.1)
we obtain;

n+l ifn=k,
cp=1—(n+l) ifk=k+],
0 otherwise.

Let D=MC"=(d, ). Thenfor k<n we have,

d, = Zrnvjcjk = (k+1)r, (v, = v,
Jj=k

d =m+Dryv and d, =0 for k>n

n-n

Therefore lim d,, =0, since r=0 by Lemma 3.1.

Assume that (v,) is non-increasing. Then,

n

n n
z d.|= Zdnk =(n+)ry + rnz(k +1)(v, =)
k=0 k=0

k=0 = =

[ n-1 n—1
=(n+Dry, +r,| D (k+Dy, =D (k+ 1)vk+1]
k=0 k=0

i n—1
=(n+Dry, +r | vy —nv, + Y (k+1)v, - kvk)]
k=0

n—1
=rv +rv,+r v, =rv,+rV .
n'n n 0 n k n 0 nn
k=0

This implies by Lemma 3.1 that D is regular, since
g=1 and » =0 by the regularity of M.

Assume that (v,) is non-decreasing. Then,
n

N ld =t Dry, +5 > (ke + 1, - v,)
k=0

k=0

n—1 n—1
=(n+Dry, +r,| D (k+ Dy, = D (k+Dy,

k=0 k=0



Matrix Transforms by Factorable Matrices

Journal of Advances in Applied & Computational Mathematics, 2018, Vol. 5 7

n—1
=(n+Dry +rnv, —rv,+ rnz(kvk —(k+Dv,)
k=0

n—1

O +o()—r, Y v, =O()).

k=0
As,
De= MC'e= Me;e=(1,1,...)

and M is regular, then lim D e=1 by Lemma 3.1.
Hence D is regular by Lemma 3.1. Therefore Cot CCy
by Lemma 3.13.

For showing c,, Cec it is sufficient to prove that

D™ is regular. The proof of this statement we refer to
[30], p. 589 -591. Thus, by Lemma 3.13, ¢,, :ccl,and

Mand C' are consistent.
4. INCLUSION THEOREMS

In this section we study the transformations of
absolute summability domains of normal matrices by
factorable matrices. Let;

F® ::{MeF:(rn)ecs},

v

Fl={MeF:(r)el},

for a given sequence v =(v,).
Lemma 4.1 ([3], p. 405). Let A be a normal matrix,
where ¢’ =(1,0,0,..) €.

(i) Ifl,ccs, for MeF,then (r,)€cs.

(i) Ifl,cl, for MeF, then (r)el.

Proof follows from the equality Mne0 €TV,

Theorem 4.2 ([3], Theorem 2.2). Let A=(a,,) be a
normal matrix and A7 = (c,.) its inverse matrix. Then

1,1, forevery MeF! ifand only if;

M=

v e =0(). (4.1)

ncnl
n=1

Proof. For every x=(x,)e!/, we can write;

k
X = 2 CuZis
n=I

where z, = A4x. Therefore for M e F and for every

x €l, we obtain;

M x=rL (2), (4.2)
where,
L (z)= Z[Z Vil le.
1=0 \ k=1

As A is normal, then for every z=(z)el there
exists xel/, such that 4x=z. This implies by (4.2)

that Mx el for each MeFV’ and each xel, if and

n - n

(r,L,(2)) €l holds if and only if;

only if (r L, (z)el for every (r)el The relation

L(z)=0,() (4.3)

foreach zel. As;

n

n
Ln(Z) = zgnlzl’ where En = zvkckl ’
=0 k=1

for every zel, then (4.3) holds for every ze! if and
only if G=(g,) is a transform from / into m. By

Proposition 6 of [35], G transforms [ into m if and only if
condition (4.1) is fulfilled.

Theorem 4.3. Let A=(a, ) be a normal matrix and
A" =(c,) its inverse matrix. Then [, Ccs,, for

every M e F?* if and only if;

oo

ve |=oq. (4.4)

ncnl
n=1

Proof. For the proof we refer to Theorem 2.3 from

[3].

We note that (4.1) follows from (4.4). Hence from
Theorems 4.2 and 4.3 we obtain immediately the
following corollary.

Corollary 4.4. Let A=(a, ) be a normal matrix
and v=(v,) a sequence of complex numbers. If

l,cecs, forevery MeF®, then [ ,cl, for every

MeF!
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From Theorems 4.2 and 4.3 we also obtain
immediately the following result.

Corollary 4.5. Let A=(a, ) be a normal matrix

and v=(v,) a sequence of complex numbers. If

l,ccs, for every MeF® or [l ,cl, for every
M eF!, then;
v.e, =O0(). (4.5)

Now we consider the special case if A is the series-

to-series Cesaro matrix C%, where aeC and

a#-1,-2,.; ie, C%=(qa,) is a lower triangular
matrix with (see [12], p. 84);

-1
_ kAT,

nk ’
nAa
n

a

n+o R
for k<n, where A,f:[ ) are Cesaro numbers.
n

The inverse matrix A‘I:(cnk) of C% is the lower
triangular matrix with (see [12], p. 86),

—a-1
A

nk n ’

c

for k <n. To prove next results, the following properties
of Cesaro numbers are necessary (see [12], p. 77-81):

A =14"=0 for n>1, (4.6)
A%< K (n+ D)% for ae C, K, >0, (4.7)
A%z K, (n+ D)% forae C,a#-1,-2,..;K,>0. (4.8)

We see that ¢’ €/ ,, since C%"=a . and a, =1,
C n n0 00

a,=0 for n>1. Hence from Lemma 4.1 we

immediately obtain:

Corollary 4.6. Let € C,x #-1,-2,....
(i) If lc“ ccs, for MeF, then (r)ecs.
@iy I lc“ cl, for MeF, then (r,)el.

Using Theorem 4.2 we prove
statement.

the following

Proposition 4.7 ([3], Proposition 3.2). Let aceC
with Reax>0 or oo=0, and v=(v,) be defined by

v, =1/4;, teC. Then l.. ccsy forevery MeF," if
and only if Reor < Ret.

Proof. Condition (4.4) we can rewrite as follows:

fd —o—1
n—1
t

T, =147 A

n=1

= 0()). (4.9)

n

Since Al0 =1, then (4.8) for ¢ =0 is equivalent to
the condition;

L _on (4.10)
4

by (4.6). Conditions (4.7) and (4.8) imply that (4.10) is
fulfilled if and only if Ret > 0.

Let now Rea >0. Using (4.6) we obtain that (4.5)
can be presented as;

o

“Li=0(1). (4.11)

t
!
Condition (4.11) holds by (4.7) and (4.8) if and only

if Reo < Ret. With the help of (4.7) and (4.8) we get for
Reo < Ret that;

— (n—[+1) Rea!
Rer+1

T} — O(l)(l"f‘ I)Re(x+1
Py (n+l+1)

=3

=0(0)(I + I)ReoH—lZ

n=0

1

(n+1)RC(X+1(n+l+1)RCt+1

= o)+ 1Y 1

Rer+1
"0 nReart] 4y
[+1

z“’ 1
( )n:O (n+1)RCOH—1 ( )

Thus, [

v loa C OS5y by Theorem 4.2.

Proposition 4.8. Let o€ C with Rea>0 or a=0,

and v=(v,) be defined by v, =1/4,, teC. Then

k

I, cl, forevery MeF, ifand only if Rea < Ret.

Proof. For the proof we refer to Proposition 3.3 from

[3].
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5. MATRIX TRANSFORMS FROM ¢, INTO ¢, BY
FACTORABLE MATRICES

In this section we consider matrix transforms from

c, into Cp for certain matrices A and B.

A

Proposition 5.1 ([4],
A=(a,) be a matrix with "ec,, B=(b,) an
arbitrary matrix with real or complex entries and
MeF.If Me(c,,cp), then (r))ec,.

Proposition 3.1). Let

Proof follows from the equality M ¢’ =7 v,.

Theorem 5.2 ([4], Theorem 3.2).
Let A=(a,), B=(b,) be matrices with real or

complex entries, MeF and B'=(b) a matrix

defined by the relation b, =b_r . Then M e(c,,c,) if;

(v,x,)€cs foreach xec (5.1)

A’

B' is conservative. (5.2)
Proof follows from the relation;

n

_ t
bxn Mnx - bsn z ViXi s
n n k=0

foreach xec,.

We say that a matrix A is series-to-sequence
conservative (shortly, Sr-Sq conservative) if Ax € ¢ for
every x € c¢s, and series-to-sequence regular (shortly,

Sr-Sq regular) if;

n
lim A x=1lim Ex ,
n“n n k
k=0

for every x ecs.

Proposition 5.3 ([4], Proposition 3.3). Let B=(b,,)
be Sr-Sq regular, where b, >0 for all n and k, and
(r,) a sequence of complex numbers. Then condition
(5.2) holds if and only if (r,) € l.

Proof. Necessity. Let B’ is conservative. Then by
Lemma 3.1,

1=
n

b r|=

sn o n

b
sn

r.|=0(). (5.3)

n

If (r,)el, then (see [14], p. 92) lim T, =<jie.,
relation (5.3) does not hold. Thus (r,) e /.

Sufficiency. Assume that (r, ) e /. We prove that all
conditions of Lemma 3.1 hold for 4= B'. From the Sr-
Sq regularity of B we obtain that (r,)ec,, b, =0(1),
and there exist the finite limits lim b, by Proposition
17 of [35]. Hence

T, =0 |r,|= 0.

Consequently all conditions of Lemma 3.1 are

fulfilled for 4= B'; i.e., condition (5.2) holds by Lemma
3.1.

Theorem 54 ([4], Theorem 3.4). Let

A=(a,), B=(b,) be matrices with real or complex

entries, lec,, (r,)el and MeF. Then Me(c,,c,)
if condition (5.1) holds.

Proof. For each x e ¢, we denote;

n

Sn = kaxk.

k=0
Since it follows from (5.1) that (S )ec for each

xec,, then (S§)) is bounded for each xec,. This

A7
implies;

M=

n n

e

rS

n - n

=0 |r,|=00)

forevery xec,. Hence,dueto lec,, Me(c,,cp).

B’

Now we consider the special case if A is the series-
to-sequence Cesaro matrix C%, where oeC and
a#-1,-2,.; ie, C%=(qa,) is a lower triangular
matrix with (see [12], p. 76);

o
_ Anfk

= k<n.
nA,‘f

ank

Lemma 5.5 ([12], p. 192). Let oo € C with Reo >0
or =0, and v=(v,) is a sequence of complex

numbers. Then (v x,)ecs for every (x,)ec o if and
only if;
v, =O[(k+1)""¢“], (5.4)
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Z(k+1)Re“

k

Ay, | = o), (5.5)

where,
1 — —o-2
AV, = ZAnf’k v,
n=k
Further we also need the relation (see [12], p. 81)

i A _ B 1
—( — —o—1
n=k Af ﬁ o-1 Akﬁ ¢

for Re >0, Re(B—o)>Lk=12,.. (5.6)

Proposition 5.6 ([4], Theorem 4.1). Let o € C with
Rea>0 or =0 and B=(b,) be a matrix with

lec, Let MeF with v, =1/ A4, teC,Ret>0 and

(r,)el. Then M e(c...cy) if Rear < Ret.

Proof. It is sufficient to show by Theorem 5.4 that
(5.1) is satisfied for 4=C* and v, =1/ 4,. Using (4.8)
and (5.6) we obtain;

had Afa—z
(k+1)Rea Aa+lv ‘: (k+l)Rea n—k
SR e

=2(k+1)‘““| ! |

’ t+o+1
- |t+a+l A |

(k+1)Ree

o10)) P -
p (k+1)R6(t+lX)+l

1
= O(I)EW = 0(1),

k

i.e., condition (5.5) holds. Condition (5.4) also holds,
because by (4.8) there exists K >0, such that;

e — ok R = o)k 1y
A K(k+1DR!

Hence condition (5.1) holds by Lemma 5.5. Thus
M E(chcB) by Theorem 5.4.

Proposition 5.7. Let ¢ € C with Reax>0 or =0
and B=(b,) be a matrix with lec,. Let M € F with
v, =y, yeC and (r)el Then Me(c,cp) if
|y| <1.

Proof. For the proof we refer to Theorem 4.2 from
[4].
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