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Other Subordination Results for Fractional Integral Associated

with Dziok-Srivastava Operator
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Abstract: In this paper we have discussed differential subordination properties associated with the fractional integral by

using Dziok-Srivastava operator.
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1. INTRODUCTION

Denote by U the unit disc of the complex plane,
U={z€C:lzlk1l} and HWU) the space of

holomorphic functions in U .

Let A, ={fEHU): f(z)=z+a,,z" +...,EU} with
A=A and  Hlan]={f€EHU): f(z)=a+a,7" +
a, " +...,z€U} foraeC and nEN.

If f and g are analytic functions in U, we say that
f is subordinate to g, written f<g, if there is a
function w analytic in U, with w(0)=0, Iw(z)l<1, for
all zeU, such that f(z)=gw(z)) forall z€U . If g is
univalent, then f<g if and only if f(0)=g0) and
FW)Cg).

Let y:C’xU —C and & an univalent function in
U. If p is analytic in U and satisfies the (second-
order) differential subordination

Y(p(2),2p (2),2°p (2);2) < h(z), z€EU, (1.1)

then p is called a solution of the differential
subordination. The univalent function ¢ is called a

dominant of the solutions of the differential
subordination, or more simply a dominant, if p<gq for

all p satisfying (1.1).

A dominant g that satisfies §<g¢ for all dominants
g of (1.1) is said to be the best dominant of (1.1). The
best dominant is unique up to a rotation of U .

Definition 1.1 ([3]) For f € A, the Dziok-Srivastava
operator is defined by
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where (x)j is the Pochhammer symbol defined, in

terms of the Gamma function by

(%), =

[(x+j) [Lif j=0andx € C\{0},
I (x) |x(x+1)..(x+j-1),ifj € Nandx € C.
For simplicity, we write
an [otI ]f(z) = Hf” (al N0 S

al;ﬁl’ﬁz’-"vﬂm)f(z)- (1.3)

Definition 1.2 ([1]) The fractional integral of order
A (A>0)is defined for a function f by

D (z)=—— [ )y (1.4)

=07

where f is an analytic function in a simply-connected
region of the z-plane containing the origin, and the

multiplicity of (z-7)"" is removed by requiring
log(z—-1) to be real, when (z-1)>0.
From Definitions 1.1 and 1.2, we get ([4])
1
D—AHI - 1+A
S [ ]r() C(2+4) ¥
S (al )/‘71 (aZ )1;1 "'(al )j—l a‘zM.(" 5)

E j+1
J= F J+1+}\’ j= 1) (ﬁl)j—l(ﬁz)_;’—] "'(ﬁm)j—](j_l)! !
From [4] we need this result
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(D Hy, [e]£(2)) = D H) [, +1]

(1.6)
f(2)-[a,-(1+A)] D" H,, [e,] f (2).

Lemma 1.1 (Miller and Mocanu [2]) Let ¢ be a

convex function in U and let h(z) = g(z)+nazg (z), for
z€U, where >0 and n is a positive integer.

1

If  p(x)=g0)+p, 2" +p,.2"" +...,
holomorphic in U and

zZ€U, is

p()+azp ()< h(z), zE€U,
then
p(x)=<gz), z€U,

and this result is sharp.
2. MAIN RESULTS

Theorem 2.1 Let g be a convex function, g(0)=0

and let & be the function h(z)=g(z)+Azg (z), for
z€U.

If f € A and satisfies the differential subordination

(D *H. [0, £(2) <h(z). forz €U, 2.1)
then

D;}LH;]n [al]f(z)

<g(z), forzeU,

and this result is sharp.

Ayl

Proof. Consider p(z)= M ,forzE€U.
b4

Let D*H, [ ] f(2) = p(2). for ZEU.

Differentiating we  obtain (DZ‘AH,’,, [al]f(z))‘ =

p(2)+27p (2), for zEU.
Then (2.1) becomes

p(2)+2p (2) < h(z) = g(z)+ Azg (z), forzEU.
By using Lemma 1.1, we have

-1 1
p(z)<g(z), forzE€U, ie. %
Z

< g(2),
forzE€U.

Theorem 2.2 Let g be a convex function, g(0)=0
and let i be the function h(z) = g(z)+ Azg'(z), zEU.

If feA,
subordination

60>0, and satisfies the differential

M) (D HL[e,]£ (2) <h(2).2 €U, (2:2)
Z
then
(w)é -<g(z), z€yU,
Z

and this result is sharp.

o

-Aryl
Proof. Consider p(z)= (M ,z2€U.
z

vyl -1
Differentiating we obtain (w)
z

(D[] f(2)) = p(z)+%zp'(z), €.
Then (2.2) becomes

P(Z)+%zp'(z) <h(z)=g(x)+Azg (z), zEU.
By using Lemma 1.1, we have

D*H, [a

5
p(z)<g(2),z€U,ie. (M) <g(2),z€U.
Z

Theorem 2.3 Let g be a convex function such that

g(O):L and let h be the
1+A

h(z)=g(z)+28 (z), zEU.

function

If f € A and the differential subordination

ol (D;AHL 2 +1]f(z))2 -a, (o, +1) D
H,[o]/(z) DH, [o +2]/(2)

(D H), [, +1] £ (2)~[e, - (1+ A)| DT H,, [al]f(z))z i
20,0 H,,[q]f () D' H,, [y +1] f (2)
_[al—(1+A)](D;AH;[al]f(z))22 <h). zeU(23)

oD H,, [a, +1]f (2) -
[, -(1+A)] D H), [0y ] £ (2)
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holds, then

D’H,[o]/(2)

z€eU.
Z(D;AH,’n [al]f(z))

-<g(2),

This result is sharp.

D'H,[a]/(2)

Proof. Let p(z)= -
Z(D;AH,’n [al]f(z))

Differentiating, we obtain

D H.,[e,] £ (2)- (D HL [e] £ (2))
(b7 L[] 7))

1-

=p(z)+zp (2),

z€U.

After a short calculation, using relation (1.6) we
obtain

D [a)f () (D7 HL [ )£ (2))

[(DZ—AH; [al]f(z))‘ ]2

ol (D:'ZHL, [+ l]f(z))2 -a, (o +1)D*H), [ ] f(z)- DI H), [, +2] £ (2)
(D! [er, +1] £ (2) = [er, - (1+ A)| DB, [ ] £ (<))

2

2e,D7*H,, ey | f(2)- D*H,, [ +1] £ (2) - [a, -(1+ A)](D;)‘H,'n [ ]f(z))
(DB [0 +1]£ (2) - [ - (1+ 2)] DB [0,/ (2))

Using the notation in (2.3), the differential

subordination becomes
p(2)+2p (2) < h(z) = g(2) + 28 ().
By using Lemma 1.1, we have

D'H,,[oy]f(2)
Z(D;’IH,I" [a,]f(z))

p(z)<g(2),z€U,ie. -=<g(2), z€U,

and this result is sharp.

Theorem 2.4 Let g be a convex function such that
g0)=0 and let h be the function

h(z)=g(2)+

A )ng'(z), for zEU.

a

If f € A and the differential subordination

o, (o +1) D H, [0y +2] f (2)
o -2 <
—A 1
o D*H, [, +1]f(2) <h(z), forz€U
F4

(2.4)

holds, then
(D;AH,I,, [Otl]f(z))‘ <g(z), forz€U.

This result is sharp.

Proof. Let

p(2)=(DH. [e]£(2)) (2.5)

Differentiating and using relation (1.6), we obtain

Q (“1 +1) D:_AH:[n [al +2]f(z) —q, D;)hHrln [al +1]f(z) — p(z)+

o -1 b4 b4 a -A

p (2).

Using the notation in (2.5), the differential

subordination becomes

28 (2).

p(2)+— ()< h)= )

a, - a, -
By using Lemma 1.1, we have

p()=<g@), forz€U, ie. (DI H.[0]f(2)) < 8.
forzE€ U,

and this result is sharp.
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