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1. INTRODUCTION

Differential equations with fractional order are the
effective tool for the modelling of many phenomenons
in distinct areas of science and engineering. Hence, in
the last few years, a great interest has been given to
the topic of differential equations of arbitrary order. The
field relevant to the existence theory of solutions of
fractional differential equations (FDEs) and their
problems were well analysed by many researchers, for
complete study see [1-4]. In all these papers, the
concerned results were derived by using some
standard fixed point theorems.

Some researchers have focused their attentions to
generalize the fractional derivative like Riemann-
Liouville fractional derivative, Caputo fractional
derivative etc. Very recently, Oliveira and his co-
researcher introduced the Hilfer-Katugampola fractional
derivative, see [5], which unifies some fractional
derivatives (which is discussed in Section 2). The Hilfer
derivative was introduced by R. Hilfer [6] that is used to
interpolate the Riemann-Liouville and the Caputo
fractional derivative. In the following days, many
researchers had done valuable works on generalizing
some fractional derivatives. In recent times, there has
been a significant interest and development in Hilfer
fractional derivative, which can be found in [7-12].

The stability properties of all types of equations
have gained the attention of many researchers. In
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particular, the Ulam-Hyers stability and its four types
have been considered by many authors, and analysis
of this topic has grown to be one of the important
studies in mathematical analysis. For detailed study on
Ulam-Hyers stability, interested readers can refer to
[13-17].

The pantograph equation is a special kind of delay
differential equations. For more details on the recent
developments of fractional pantograph equation, one
can refer to [18-20]. In [18], Balachandran generalized
the neutral type fractional pantograph equation.
Recently, Vivek et al. [21]. discussed theory and
analysis of nonlinear neutral pantograph equations via
Hilfer fractional derivative.

Motivated by the above discussion, in this paper, we
investigate the nonlinear neutral pantograph equations
with Hilfer-Katugampola fractional derivative of the form

PPy (t) = a(t, u(t), u(kt), "2*Pu(kt)), t € J :=[a,b], (1.1)
P37 "u(a) = u,, (1.2)

where 79/ is the Hilfer-Katugampola fractional deriva-
tive of order (0 < a< 1) and type (0 < < 1) and *3"7
is fractional integral order 1-y (y= a + - af). Let R be

a Banach space, 0 : J X RX R X R - R is a given
continuous function and 0 <k < 1.

The outline of the paper is as follows. In Section 2,
we give some basic definitions and results concerning
the Hilfer-Katugampola fractional derivative. In Section
3, we present our existence and uniqueness of the
results. In section 4, we discuss four types of stability.

© 2020 Avanti Publishers



2 Journal of Advances in Applied & Computational Mathematics, 2020, Vol. 7

Harikrishnan et al.

2. PRELIMINARIES

In the current section, we recall some definitions
and results from fractional calculus. The following
observations are taken from [3,5,8,14,15,17]. Let
Cla, b] a space of continuous functions from J into R
with the norm

lull = sup {Ju(t)] : t € J} .

The weighted space C,,[a, b] of functions fon [a, b]
is defined by

Y4

J fx)e C[a,b]},o <y<l,

t¥ —a

Cy’p[a,b]:{f:(a,b]ﬁR:(

with the norm

p_ Y p_.rY
ey, | = o) =[] reopten=cian
7.P Yo ted Y2
C
Let 5p=(tpdij. For n € N, we denote by
t

C§p [a,b] the Banach space of functions f, which is
e

continuously differentiable, with the operator 6,, on [a,
b] up to (n — 1) order and the derivative &} f of order n
on [a, b] such that &3 f € Cy,la, b], this is

c.

P,y

[a, b] = {8k fe Cla, b], k=0,1,..,n~-1,85f€ Cypla, b}

with the norm

n—1
ey =Sis],+
Py k=0

For n=0, we have

oo f

n
— k
c,,’ (1 "Cg‘p -;rﬁg |5pf (X)|-

0
Cony

[a, b] = Cy,[a, b]

Definition 2.1. The generalized left-sided fractional
integral »I« fof order a« € C(R (a)) is defined by

(°39)f ) =

1-a
P ' P _ Pra—1 p-1
(@) L(I PSP f(9)ds 1> a, (2.1)

if the integral exists.

The generalized fractional derivative, corresponding
to the generalised fractional integral (2.1), is defined for
O<a<t by

-1

(P@a’f}t) = 1?:%

lpijn ! p _ pon—at+l p-l1
—a)(t - L(z Py 5Pl £ () s,

(2.2)

if the integral exists.

Definition 2.2. The Hilfer-Katugampola fractional
derivative with respect to t, with p > 0, is defined by

d p
(P@“-/’ f)(;): +7 sa(zp—lzj PO gy (2.3)
- (+p 525 p~§<1—ﬂ><1—a>)(t)
£ 35 P2 :

« The operator “9“* can be written as
rPap _ryb(l-a)S,, 3ty = pjﬁ(l-a)p@v, Yy=a+p-ap.

» The fractional derivative »9«f is considered as
interpolator, with the convenient parameters, of the
following fractional derivatives

1. Hilfer fractional derivative when p — 1.

2. Hilfer-Hadamard fractional derivative when p — 0.
3. Generalized fractional derivative when = 0.

4. Caputo-type fractional derivative when g = 1.

5. Riemann-Liouville fractional derivative when g = 0,
p—1.

6. Hadamard fractional derivative when =0, p —0.
7. Caputo fractional derivative when f=1,p — 1.

8. Caputo-Hadamard fractional derivative when g =1,
p—0.

9. Liouville fractional derivative when  =0,p — 1,
a=0.

10. Hadamard fractional derivative when f=0,p — 1,

a=-—-00,

* We consider the following parameters «a, 5, v, ¢
satisfying

y=a+f-af,0<y<1,0su<l,a>0F<1.

Definition 2.3. The equation (1.1) is Ulam-Hyers
stable if there exists a real number Cr> 0 such that for
each ¢ > 0 and for each solution b € Ci-,,[a, b] of the
inequality

|"paBu(t)- a(t, B(t), B(kt), "DxBu(kt))|< & tE ],

there exists a solution u € Ci-y,[a, b] of equation (1.1)
with
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() u(e)|s G €,

Definition 2.4. The equation (1.1) is generalized
Ulam-Hyers stable if there exists Yy € C([0, ), [0, )) f
(0) = 0 such that for each solution b € Ci-,,[a, b] of the
inequality

|"Desu(t)- a(t, b(t), B(kt), "DuPu(kt))|< 5 tE€],

there exists a solution u € Ci-,,[a, b] of equation (1.1)
with

o)~ u(®)|< ¥rs tEJ,

Definition 2.5. The equation (1.1) is Ulam-Hyers-
Rassias stable with respect to ¢ € Ci[qa, b] if there
exists a real number Cr> 0 such that for each > 0 and
for each solution b € C1-y,[a, b] of the inequality

|"p=pu(t) - a(t, v(t), v(kt), “Dehu(kt))|< cot), t € ],
(2.4)

there exists a solution u € Ci-,,[a, b] of equation (1.1)
with

|u(t)-u(t)| < Cre 1), t € ],

Definition 2.6. The equation (1.1) is generalized
Ulam-Hyers-Rassias stable with respect to ¢ € Ci-,[a, b]
if there exists a real number Cg, > 0 such that for each
solution b € C1-y,[a, b] of the inequality

|"pep(t) - a(t, v(t), v(kt), "Depu(kt))|< oft), t € ],
(2.5)

there exists a solution u € Ci-,,[a, b] of equation (1.1)
with

|u(t)=u(t)] < G, o(t), L E J,
Remark 2.7. It is clear that:
1. Definition 2.3 = Definition 2.4.
2. Definition 2.5 = Definition 2.6.

Lemma 2.8. Let a, § > 0, the semigroup property is
valid. This is,

(P 3PF)(E) = (P3**F)(1),
and
(PDr 39 )(t) = f(¢).

Lemma 2.9. Let t > a, 3« and r9D*, according to
Egs. (2.1) and (2.2), respectively. Then

e 17— /;71: r (1 -a* ‘”ﬂfli
p I'(a+p)\ p

P P a-1
P@“[t —d J - 0.
o)

Lemma 2.10. If f € Cy,[a, b] and 3" °f € C [a, b],
then

(p‘*s“p@“ju):f(z)_(pslal“f)@ -\
I'(a) p ’

for all t € [a, b].

Lemma 2.11. If f€ C,,[a, b], then

(5 far = tim (°3%)r ) =o0.

t—)(/l+
The following Lemmas are needed in the sequel.

Lemma 2.12. Suppose a > 0, a(t) is a nonnegative
function locally integrable on a <t <b (some b < ), and
let g(t) be a nonnegative, nondecreasing continuous
function defined on a < t < b, such that g(t) < K for some
constant K. Further let u(t) be a nonnegative locally
integrable on a < t < b function with

tf +P _ P
ju] < a)+ 0] [’—SJ
a p

a-1
sPWu(s)ds, ted

with some a > 0. Then

na-1
1~ (g (@)" [ 17 =" o
u@)| <a()+ sP7u(s)ds, a<t<b.
aja{;nm){p]s]qm

Lemma 2.13. [5] A function u is the solution of
fractional initial value problem

Lo Pu@) = f()tel,
.

p<l-r _
Sa+ ua)=u,,

if and only if u satisfies the integral equation of the form

u, (t°-a” - 1 ¢ tP—s* o ool
—_—a ds.
1o r(y)[ , ] +r(a>L[ , j TR

Theorem 2.14. (Schauder fixed point theorem [5])
Let B be closed, convex and nonempty subset of a
Banach space E. Let N : B - B be a continuous
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mapping such that N(B) is a relatively compact subset
of E. Then N has atleast one fixed point in B.

3. EXISTENCE THEORY

Now, we give our main existence result for problem
(1.1)-(1.2). Before starting and proving this result, we
assume the following hypotheses:

(H1)  There exist constants K> 0 and L >0 such that

lat, u, b, ) —a(t, u, 0, W) <K(u-u|+[p—0]+L
w- @],

foranyu, v, w, u,b, weR, andte].

(H2) There exist I, m, n, p € Ci-y[a, b] with I* = sup. I(t)
<1 such that

|g (¢, u, b, )| <It) + m(o) |u| + n@) |v] + p(t) |w],
forteJand u, 4, we R.

(H3) There exists an increasing function ¢ € Ci-y,[a, b]
and there exists A1, > 0 such thatforany t € |

P @(t) = )\rp W(t)

Theorem 3.1 Assume that (H1)-(H2) hold. Then the
problem (1.1)-(1.2) has at least one solution defined on

]

Proof. Consider the operator ® : Ciypla, b] =
Ci-ypla, b] defined by

y-1 a-1
(mu)(t)zu_a ¥ —a” +; 17 —s"
o\ » I(a)dd  p

sP7la(s,u(s), u(ss),” D*Pu(xs))ds.

(3.1)
It can be written as

u, [t -a” -
Ru)(r) = —=2 P3% . ()(0), (3.2
Ru)1) m){ - J gl 62
Where gu(t) := #D=fu(t) = a(t, u(t), u(kt), xu(t)).

Clearly, the fixed points of the operator ® are
solutions of the problem (1.1)-(1.2).

Forany u € Ci-y,[a, b] and each t € J, we have

1-y 1=y a-1
tP —a” ‘Ua‘ 1 (t°-a” i 1P —sP 1
— | ®Russ—— 7 ds.
[ p ] (o F(7)+F(a){ P ] I[ P ] 5”7 gu(o)lds

(3.3)

By (H2), for each t € ], we have

|gu ()] =]at. u@).u(x). g, )
<I(t) +m@|u@)| + n@O|u(s)| + p()] g, () (3.4)
<U+m [u@)|+n'Ju)| + plg, )]

S I+ m |u@)|+n’|ute)| _

l—p*

By replacing (3.4) in the inequality (3.3), we get

P _aP i
T @
P
- |u,| L1 P —a” H‘r PP 'Hsp_l "+ m|u(s)| +n"|u(ss) s
I r@l op o p 1-p
o_ o\ p_p !
< \ua\ N 1 tF' —a Z*J" th —s 75
r'(y) (a-pHre\ p W p

a-1 a-1
« (1P —s” Lo P —sP
+m j ros sp_l‘u(s)‘ds-kn I r-s sp_l‘U(KS)‘ds
a P a P

|u,] N I (t"—a" a7y+l+ B(y,a) (t"—a" a(m%rﬁ]\u“
@) (a-pHr@+nl p a-pHral »

<

c .
I-y.p

Hence,

« a-y+l1
TP (b} ‘
I=y.p

Iy (-pH@+Dh| p

B(y,a) b —a? V(. . o
(1_p*>r(a)[ ; j(m +n)|u||cl_m. .

This proves that & transforms the ball 3, := {u €
Ciypla, b] : |lu]l < r’} into itself. We shall show that the
operator ® : @, - &, satisfies all the conditions of
Schauder fixed point theorem. The proof will be given
in several steps.

Step 1: & : B, B, is continuous.

Let u, be a sequence such that u, = u in Ci-y,[a, b].
Then foreach t € J,

t¥ —a” o t —a” =
(Ru, (1) - (Ru)(®)
p p

p_ o\ o PN\
< 1 t¥ —a J"t - e
I'(a) oy a p

1 ([t -a” ¢
< B
< I (a)( p J (7, o)

ds

8u, ORF-MO

gu ()= 8u (')HC1 :
=7
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Since u, » uas n — o and g, is continuous (i.e., f
is continuous), then by the Lebesgue dominated
convergence theorem, we have

IRu, — gtullclfy‘p —0 as n— oo,
Step 2: R(®,) is uniformly bounded.
This is clear since (8,) c ®,and 8, is bounded.
Step 3: R (8, ) is equicontinuous.

Let t1, t2 € J, t1 < t2 and let u € 8,. Thus, we
have

o_ p\7 p_ p\7
t5y —a ti —a
2 (Ru(t,) —| - (Ru)(r))
P P
1 o o N (o o)
< 1y —a J’z Iy —s sp_lgu(s)ds
F(Ol) P a P
1-y a-1
1 (tf-a’ J”l tf —s” g (8)ds
@ p al p )
! £ —a” I’VJ-fz £ s’ 'Hsp_l l*+m*\u(s)\tn*\u(xs)\ "
' p wiop 1-p

1-y a-1
N 1 J‘ﬁ t§ —a” tf —s”
I'(a)Jo P P

o_ N (o _ ! Fam' *
[t -a tf —s | LAm u(s)|+n" |u(i)) "
p p 1-p

Thus, we get

o_ p\77 p_ p\7
(5 a ] (*Bu)(rz)—[tl a J (SRu)(1,)
p p

I p_.p\*
15 —t
N 1 Sl S
a(l-p) p

* * -1
R
e

1-
1 () -a” g
< |2 =
r@l\ p
1-p° P

1-y a-1
[tzp—apJ [IZP_SPJ B
t P P
1 _
5P

1
+F(a)j0 e o\ (o p N\
tf —a tf —s
[ P J { P J

I+ m|u(s)| +n|ulss)| s
1-p° '

As t1 — t;, the right-hand side of the above
inequality tends to zero.

As a consequence of Step 1-3 together with the
Arzela-Ascoli theorem, we can conclude that R is
continuous and compact. From Schauder’s theorem,
we conclude that ® has a fixed point u, which is a
solution of the problem (1.1)-(1.2).

Lemma 3.2. Using the hypotheses (H1),(H2) and if

2k (b -a”)
(1—L)F(a)( a J B(r,a) | <1, (3.5)

then the proposed problem (1.1)-(1.2) has a unique
solution.

4. STABILITY ANALYSIS

In this section, we study the Ulam-Hyers stability for
the proposed problem (1.1)-(1.2).

Remark 4.1. A function v € Ci-y,[a, b] is a solution of
the inequality
|"Depu(t)- a(t, v(t), b(kt), ‘Db (kt))|< & te]j,

if and only if there exist a function g € Ci-,,5[a, b] (which
depends on solution u) such that

1. g =¢ VEE]

2. "pasp(t)- a(t, v(t), v(xt), "DeP0(Kt)) + g(t), tE].

One can have similar remarks for the inequalities
(2.4) and (2.5).

Remark 4.2 A solution of the Hilfer-Katugampola
type nonlinear neutral pantograph inequality

|"pau(t)- a(t, b(t), B(kt), "DxBu(kt))|< & tE€],
is called a fractional &-solution of the problem (1.1).

Theorem 4.3 Assume that (H1),(H2) and (3.5) hold,
then the problem (1.1)-(1.2) is Ulam-Hyers stable.

Proof. Let ¢ > 0 and let b € Ci-,,[a, b] be a function
which satisfies the inequality:

|"Depu(t)- a(t, b(t), b(kt), "DxPu(kt))|< & forany t € ],
(4.1)

and let u € Ci-y,[a, b] be the unique solution of the
following nonlinear neutral pantograph equation
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‘pasd(t)- a(t, v(t), b(kt), DA (kt)), tE J.

P3tru(a) = P31 m(a) = ug,

where 0 <a<land0<f<1.

Using Lemma 2.13, we obtain

u tP —a”
u@) = —o | =4 P3eg k).
r(y)[ P J el

By integration of the inequality (4.1) and using
Remark 4.1, we obtain

tF —af - 1 ¢ t?—s” ! o1
- s)d.
(1) - F()( ; ] F(Q)L( ; ] gy (5)ds

& b?—a?
< .
I'a+1) P

We have

|o() —u()|

u, (t#-a” - 1 7 —s” !
b(r) ——4 - #g (s)d
=" r(y)[ , ) r(a)ﬂ , J oaed

F(O{)a P

o a-l1
& tP —a” 1 o 1P — P - B
= T(a+1) [ P J * (@) L[ P ] s ‘gv(s) gu(s)‘ds

£ [lp—ap Ja 2K ’[tp—sp ]al
< + I
Ta+h| p A-DI @) p

and to apply Lemma 2.12, we obtain

o) -u0] < [bJ [H V2K [bJ J
I« +1) P 1-LDI (a+1) P

= Cfg.

a-1
N L z(tp —SPJ Sp_l (gv (S)—gu (s))ds

Where v = v (@) is a constant, which completes the
proof of the theorem. Moreover, if we set ¥(g) = Cre;
Y(0) = 0, then the problem (1.1)-(1.2) is generalized
Ulam-Hyers stable.

Theorem 4.4 Assume that (H1), (H2), (H3) and
(3.5) hold. Then, the problem (1.1)-(1.2) is Ulam-Hyers-
Rassias stable.

Proof. Let v € C1-,,[a, b] be solution of the inequality

[PDau(t)- a(t, B(E), B(kt), DB u(kt))|< e(t), tE |, &> 0,

4.2)

and let uw € Ci-pla, b] the unique solution of the
following nonlinear neutral pantograph equation

‘pabu(t)- a(t, v(t), v(kt), "DxFv(Kt)), tE ],

Patru(a) = P31 (a) = g,
where 0<a<land0<pg<1.

Using Lemma 2.13, we get

u<z>=1f‘(‘;)(tp_“p] N0

Yo,

By integration of the inequality (4.2), we get

tP —a” - 1 ftP—s” !
o(r) - —a - sP7g, (s)ds
O )[ ; j FW)L[ p ] g, (s)ds

< gl(p(p(t).

(4.3)

On the other hand, we have

o) —u(o)|

u tP —a” - 1 ¢ t¥—s” !
<|o(r)——4 - pl d
= r(y)( p J r(a)L[ p ] Toaed

a—1
2K ! lp—Sp p-1
B(s) —u(s)|d
+(1—L)F(a)jo( 0 J 77 [uts) - u(s)lds

a-1
2K tf +P _ P B
Sed,p(t) + 0Dl @ J’O{t ps J s 1|b(s)—u(s)|ds.

By applying Lemma 2.12, we get

Jo(r) - u(r)|<eﬂq,<o<r)+ ‘aﬂzco(r)

Then for any t € J, and by (H3), we have

B 2Kv4,
o) —u@)| <|| 1+ 7 e |20

=Cf3(P(l),

where v; —v; (a) is a constant, which completes the
proof of Theorem 4.4.

Example 4.5 Consider the
Katugampola type nonlinear
problem

following Hilfer-
neutral pantograph
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—t

PR@AUt) =1+ 96 t (u(t) +u[%) +° @“'ﬂu(;)} re=[01],
e
(4.4)
pS:):ryu(O) =0, y=a+pB-af. (4.5)

WhereO<K<1,a=O,b=1,a=;,ﬂ=;,x=;,

2
and choose y = 7-

Set

—
w0 ) =1+

5 t(u+h+m), for any wh,weR.teJ.
+e

Clearly, the function f satisfies the hypotheses of
Theorem 3.1.

Foranyu, b, w,u, b, we R, andt €.

If(t, w0, w)-f(t, w0 ®|<l (u-u]+|v-n])+
10

1 (w-w].

10

Hence, the hypothesis (H1) is satisfied with K= L 1
10

Thus, the condition from (3.5)

2K [bp_“p] B(y,a) |= 04592 <1,
(I-Dr\ »p

It follows from Lemma 3.2 that the problem (4.4)-
(4.5) has a unique solution. Moreover, Theorem 4.3
implies that the problem (4.4)-(4.5) is Ulam-Hyers
stable.
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