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1. Background
This work is inspired by [3-11].

Here we consider the Prabhakar function (also known as the three parameter Mittag-Laffler function), (see [6],
p. 97; [5])

Z;k'l“ ak+,8) M
where I' is the gamma function; a,f,y<€R:a,>0,zeR, and (7)k=7(7+1)...(7+k—1). It is
1
an Z)=——.
/3() F(,B)

Here we follow [4].

Let a,beR, a<b and x € [a,b]; fe C([a,b]). Let also v € Cl([a,b]) which is increasing. The left and right
Prabhakar fractional integrals with respect to y are defined as follows:

(€75 0 )= [ (W ()= w O 7, ool ()0} [ (0, @
and

(€1 s 1Y) = [0 N ) ) B2 ol () -y () e, 3)
where P4 > 05 7,0 €R

Functions (2) and (3) are continuous ([4]).

Next, additionally, assume that l//'(x);é 0 over [a,b] and let v, f € CN([a,b]), where NZLu—l, (r—‘ is the
ceiling of the number), 0 < ¢ N. We define the y -Prabhakar-Caputo left and right fractional derivatives of order
u ([4]) as follows (x € [a,b] ):

(D77 £N0)= [ (N ) 0) E;zvﬂ[w@u(x)—w(r»p(,Liij<f>dt, @

and

(D7 £ )= 1) [ (O le) -y () E,ch[ww)—w(x))f{#ij [ )
One can write these (see (4), (5)) as

(“D2 e F V)= (€30 SN0, (6)

and
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(D7 £ N)= (1) (e s 2N 7)
where
My 0y (LAY
1) =1, f&)—(, —J f(x), ®)
7 (x) dx
V xela,b].

Functions (6) and (7) are continuous on [a,b].

Next we define the i -Prabhakar-Riemann Liouville left and right fractional derivatives of order u ([4]) as
foIIows(xe[a,b], feC([a,b])):

(D30 f Nx)= ( ) [V Oy B ol )-v@) |, ©)

and

(RLDyzwb fxx (

That is we have

j [y O O-v ) E JolwO)-p @Y a0

RL myriv — ;iN a4
(D70 fNx) (W(x)dx) (€73 o f Nox). (11)
and
RL ryysy iN
( D u,0,b— fXX ( t//(x)dx} (pNﬂa)b fXx (12)
V xela,b].

We define also the y -Hilfer-Prabhakar left and right fractional derivatives of order x# and type 0< 8 <1 ([4]),
as follows

.
O N P S R v 13
and
.
) O O B e R e 19
V xela,b].
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When =0, we get the Riemann-Liouville version, and when £ =1, we get the Caputo version.
We call §=y+,5(N—y),we have that N—l<y£y+,5(N—y)S U+ N—pu=N,hence ]—5—‘2 N.

We can easily write that

("D N = ez, DL f(x), (15)
and

("D, )x)= e, DI f(x), (16)
V xela,b].

In this work we develop a great variety of fractional inequalities of Hardy type invovling convexity and engaging
the above exposed: y -Prabhakar fractional left and right fractional integrals, the w -Prabhakar-Caputo left and

right fractional derivatives, the i -Riemann-Liouville left and right fractional derivatives, and the i -Hilfer-

Prabhakar left and right fractional derivatives. The radial multivariate case of all of the above over a spherical shell
is studied in full detail. We involve ratios of functions and of integral operators and we produce among others
vectorial splitting rational L, inequalities, as well as separating rational L, inequalities.

2. Prerequisites

Let (QI,ZI,,UI) and (Q2,22,/12) be measure spaces with positive o -finite measures, and let

k:Q,xQ, - R be nonnegative measurable functions, k(x,-) measurable on Q,, and

K(x)= ], k(x y)dpe, (), foranyx € Q. (17)

We suppose that K(x)> 0 a.e. on Q, and by a weight function (shortly: a weight), we mean a nonnegative
measurable function on the actual set. Let the measurable functions g,:Q, >R, i=1,..,n, with the
representation

&)= [, K0y} (7)pe (), (18)

where f,:Q, - R are measurable functions, i =1,...,n.

Denote by X=x:= (xlﬂ"'>xn)ERn’ g:: (gla"'agn) and f:: (fi,,f;z)

We consider here @ :R — R a convex function, which is increasing per coordinate, i.e. if x,<y,, i =1,...,n,
then

CD(xl,..., X, ) < CI)(y1 yeees Vi )

In [3], p- 588, we proved that

Theorem 1 Let u be a weight function on Q,, and &, K, g,, f,,i=1,..,neN, and ® defined as above.
k(x,y)
K(x)

Assume that the function x — u(x) is integrable on €, for each fixed y € Q,. Define v on Q, by
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()= ) 0 ()< 19

Then

u(x)d)pgl(xl,,_., gn(xjjdlh(x) J‘ (y)q)qf1 1 ])d,uz (20)

K (x)

Js

under the assumptions:
Q) f,. (1,
) v (),

n()’]) is u, -integrable.

1

; ) are k(x,y)dyz(y) -integrable, u, -a.e.in xeQ,, forall i=1,...,n,

Notation 2 From now on we may write

gx)= | ke, »)f () (v) @1

which means

(e ()= ], KON (D [, )1, 0 ) @2

Similarly, we may write

(x) = U )dﬂz()( 23)

and we mean
(]gl(xﬂ,...,

We also can write that

)= ([ M0 0)...

[, o), e ) ”

g) < [ ke y) 7 (0 fdem() 25)

2

and we mean the fact that
g, (x) < sz(x,y)iﬁ(y)idﬂz () (26)

forall i=1,...,n, etc.

Notation 3 Next let (QI,ZI,M) and (Q2,22,y2) be measure spaces with positive o -finite measures, and let

k;:Q,xQ, - R be anonnegative measurable function, &, (x,-) measurable on €, and

Kj(x)ngzkj(x,y)dyz(y), xeQ,,j=1,.,m. (27)
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We suppose that Kj(x)> 0 a.e.on €. Let the measurable functions g, : QQ; — R with the representation

2= [ k(. 0)f (0 (v), (28)

2

where f,:Q, — R are measurable functions, i =1,...,n and j=1,...,m.

Denote the function vectors gj:= (gjl,gjz,...,gjn) and ﬁ = (fjl,...,fjn ), j=1,.,m.

We say ]? is integrable with respect to measure u, iff all f, are integrable with respectto u .

We also consider here (Dj R —>R,, j=1,...,m, convex functions that are increasing per coordinate. Again
u is a weight function on Q,.

We make

Remark 4 Following Notation 3, let F,:Q, — Ru {t0} be measurable functions, j=1,...,m, with
0< Fj(y)< © on Q,.In (27) we replace kj(x,y) by kj(x,y)F/(y), Jj=1,...,m, and we have the modified Kj(x)
as

L (x) = IQ k; (x, y)F/ (y)d/uz (y), xe,. (29)

2

We assume Lj(x)> 0 a.e.on Q.

As new f, we consider now 77,=% Jj=1,...,m, where j? = (fjl,...,fjn ); 7 Z(%,,%]
l j j

Notice that

g, (@)= [ k(e )70 (v) - = (k,,(x,y)F(y){fﬂ(y)Jduz(y), 30)

X e Ql, 3l j=l..myi=1,..n

So we can write

We mention

Theorem 5 ([3], p. 481) Here we follow Remark 4. Let p € {1,...,m} be fixed. Assume that the function
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U(X)(]ﬂ[Fj (y)j(lﬂ[kj (x,y)]

j=1 j=1

[0

X

is integrable on €, for each y € QQ,. Define U, on €2, by

U, 0)=T1F, - dug,(x) < . (32)
Jj=1 1 ELJ (x)
Then
IQIU(x)ﬁCD j{ 1%(();)) }dul (x)< {gfgzq%[ ;i((yy )) jdﬂz (y)] { Q;Dp[ Z((Z)) jU (), (y)]a (33)

under the assumptions:

7 1
(i) %, D, FJ are both kj(x,y)Fj(y)d,uz(y) -integrable, x4, -a.e.in x€Q,, j=1,...,m,

ARIZIRIE Iz S Iz
(iU, @, || D Pyl — s @ | = | @,,| |, are w, -integrable, where @ | — | is absent.
Fp E P; Fp m Fp

We also mention

Theorem 6 ([3], p. 519) Here all as in Notation 3 and Remark 4. Assume that the functions ( j =1,2,...,m e N)

are integrable on €, for each fixed y € Q,. Define W, on Q, by

w,(v)= [IQI Mdﬂl (X)JF]- (v) <o, (34)

K,

on
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&1
Let p, >1: Z— =1. Let the functions @, :RY ->R_, j=1,...,m, be convex and increasing per coordinate.

under the assumptions:

p

—

J

_ J
Lo,

J J

are both kj(x,y)Fj(y)d,uz(y) -integrable, x4, -a.e.in x€Q,, j=1,...,m,

(i) Wj(Dj 17 is i, -integrable, j =1,...,m.

We make

Remark 7 Let (QI,ZI,,ul) and (QZ,ZZ,,uZ) be measure spaces with positive o -finite measures, and let

k:Q,xQ, - R be nonnegative measurable functions, k(x,-) measurable on Q,, and
K(0)= [, e 3 (), franye <,

We assume K(x)> 0 a.e. on €, and the weight functions are nonnegative functions on the related set. We

consider measurable functions g, :Q, — R, with the representation
&)= [, ko) (r)eee (v),

where f,:Q, - R are measurable functions, i=1,...,n. Here u stands for a weight function on ;. So we

follow Notation 3 for j =m =1. We write here g :=(g,,....g, ), f= (frren 1)

We set

1))

= max{[fl(y)L...,

o0

17)

and

7)

Q| =

. @lﬂ(ﬂ"] 21,

We assume that
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< o0, a.e.on(a,b),

0<[70),

1S4=% fyeq.

Let
19, o0 di o) x <,
1S45% fyeq.
We assume Lq(x)> 0 a.e.on Q.
We furher assume that the function
Ak |70
X 1
L,(x)

is integrable on Q,, for almost each fixed y € Q2,.

Define W, on Q, by

a.e.on Q,.
Let
P (IS R .
Hf(y)1q f(y)(q f(y)(q
e f
“7 l76)]

Here @ :R” — R is a convex and increasing per coordinate function.

We mention

Theorem 8 ([3], p. 536) Let all here as in Remark 7. Then

41
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itz [ nom

under the assumptions:

i) o)

(i) 7= d,uz(y) -integrable, x4, -a.e.in xeQ),
ol (]

are both k(x,yj‘?(y*

q

(i) W, ()@ H‘f j

is 4, -integrable.

Theorem 8 comes directly from Theorem 1.
We will also use:

Let (QI,ZI,,ul), (Q2,22,/12) measure spaces with positive o -finite measures, and £, :Q, xQ, >R are

nonnegative measurable functions, with ki(x,-) measurable on 2,, and measurable functions g, : Q, >R :
8i (x) = .[szi (xa y)fji (y)d,uz (y)a

where f,:Q, —> R are measurable functions, for all j=1,2;i=1,...,m

Theorem 9 ([3], p. 552) Here 0 < fzi(y)< ©,a.e., [ =1,...,m. Assume that the functions (i =1,...,m €N)

X Eu(x)ki g ())’C))fz (y)j

are integrable on Q,, for each fixed y € Q,; with g,.(x)>0, a.e.on Q,.

Define y, on €2, by

a.e.on QZ'

-1
Let p, >1: z— =1. Let the functions @, :R, - R,, i=1,...,m, be convex and increasing. Then
i=1 D;
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Lo P

1 i=1
LO)Y
flz y [flt Y J are both ki(x,y) 2I,(y)dl[,zz(y) -integrable, u, -a.e.in xeQ),,
le y ‘ﬁz y)‘

) Al)

fu(y)

jdul(x)s ﬁ[f l//,(y)q)(

l

under the assumptions:

Py
(ii) l,y[(y)@[( f“(y)j is g, -integrable, i =1,...,m.
f2i(y)

3.Main Results

We make

Remark 10 Here p,,u;,7;,0,>0; fjl.eC([a,b]) and t//eCI([a,b]) which is increasing; j=1,....,m and
i=1,...,n.Set

006t 0 = sl O
0 i=l,...,n
and
.. .
.3 n .3 q
2 )= e o o] (y)1 = [Z & oo il0) jq, g21; (46)
q i=1 '

ye [a,b], which ¢, are continuous functions, j=1,...,m.We have that

0<, ¢, (v)<wina,b] (47)
J=1lem; where I<g<oo is fixed.
Hereitis
v (N )-w ) EY, Lo, ()-p )y fa<y<x,
ki (x,y):=k (x,y)= (48)
0, x<y<b,
j=1,..,m, and
)= [ M) -w ) EL o, () -w )] 0, (v)a. (49)
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We have that L' (x)>0 on [a,B].

Let pe {1,...,m} be fixed. The weight function u is chosen so that

m

, u(] T (e )
Uy (v)= {H v, (y)}fy - dx < o, (50)
o [z, x)

J=1

V yela,b], and that U is integrable on [a,b]
A direct application of Theorem 5 gives:

Theorem 11 It is all as in Remark 10. Here ®;:R] - R, j=1,..,m, are convex functions increasing per

coordinate. Then

e}/j;l// f (x
b, pjobtjoyeatd j no f,(y 5 f p()’
'y di < o |1l (o U (v)av | 51
J-au(x)H J qu (x) X :]I[:;EJ; Jj q¢j+(y) y J; P q¢p+(y) (y) y ( )

We make

Remark 12 Here p,,u;,7;,0,>0; fjl.eC([a,b]) and t//eCI([a,b]) which is increasing; j=1,....m and

i=1,...,n.Set

x4 Vv
wgoj,(y) - ep;’”f’“j’b*]pf (y)( B jl}}axm{ eﬂj””j’”f’bfﬂ(y)(}’ (52)
o i=l,...,n
and

i I 1

7w N R 7 )a
qgo./*(y) = epj-,ﬂj,wj,bffj (y% = (Z:, epj-,ﬂj,wj ,b—fji (yX j »q 2 1’ (53)

q =

ye [a,b], which ¢, are continuous functions, j=1,...,m.We have also that
0<, ¢, (v)<winfa,b] (54)

j=1,..m I<g<ow

> where is fixed.

Here itis
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v w0 -w@)V 7 ED, o, w(v)-w)f | x<y<b,

7
k; (x,y)= k; (x,y)= (55)
0,a<y<ux,

L,0)= v OGNy 0)-w 7B o, 0)-p @)1 | o, (v (56)
v xe[a,b]’ I<g<o
We have that L, (x)>0 on [a,b].

Let pe {1,...,m} be fixed. The weight function u is chosen so that

. () Tk ()
U, ()= {H 0, (y)J [ —
J=ly EL}] (x)

dx <o, (57)

V yela,b], and that U is integrable on [a,b]
A direct application of Theorem 5 gives:

Theorem 13 It is all as in Remark 12. Here ®;:R} - R, j=1,..,m, are convex functions increasing per

coordinate. Then

gy J«bq)p fp(y

. - 4 _ U (y)dy | (58)
Jj=1 L./‘q(x) Jj=1 A q(Dj—(y) ¢ q(/)p—(

~
~
3

We make

Remark 14 Here j=1,..,m;i=1,..,n. Let p,,u,,0,>0,y;<0, and f, eCNj ([a,b]), Nj :|_ﬂj—‘, u; gN;
6 :=max(N,,..,N, ),y eC’ ([a,b]), 7 is increasing with w'(x)=0 over [a,b]. Set

f][if;j}(x):( 1 d)N" £,(x) xea,b]. set

v (x) dx

and
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Q| =

VAR VAR

TV
= CDp N7PROP a+f‘j(y%

v 7
CDp N7PNOR a+sz(y)( j anI,

e

y€la,b], whichall

;, are continuous functions, j = 1,...,m.We also have that

0<, A, (y)<oinfa,b],

q "7+

j =1,...,m, where 1< q=® is fixed.

Here itis

v M) -w )75 Lo @) -v(0) fa<y<x,

Ck;r(x’y):: kj(xay):

0, x<y<b,
J =1t 4
L, ()= [v 0N )-w ()
£ o) -v (1] 4.0

g xelab] 1<g<em, j=1,..m
We have that CL;q(x)>O on [a,b].

Let pe {1,...,m} be fixed. The weight function u is chosen so that

J=1
e dx <o,

I1 £,

J=1

o[ K ()
CU+ (H /1 }J‘

j=1

V yela,b], and that U’ is integrable on [a,b]

A direct application of Theorem 11, see also (6), gives:

(60)

(62)

(64)

Theorem 15 It is all as in Remark 14. Here ®,:R} - R, j=1,..,m, are convex functions increasing per

coordinate. Then
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%] Al
r ( )ﬁ CDZ, Z, WA C: ﬁj”’ fo Ib s .
ulx)] |© . - dx < D . ldy | | @ L U y)dy |. (65)
“ j=1 ! Cqu(x) j/:l . ’ q/lj-f—(y) “ g qﬂ‘p-f—(y)

We make

Remark 16 Here j=1,..,m;i=1,..,n. Let p,,u,,0,>0,y;<0, and f, eCNj ([a,b]), Nj :|_ﬂj—‘, u; gN;
6 :=max(N,,..,N, ),y eC’ ([a,b]), 7 is increasing with w'(x)=0 over [a,b]. Set

Ji[i].,vj](x):( 1 iij f(x), x €la,b]. set

' (x) dx

and

—_

D Sy j jq,q:ZI; (67)

C,if,,wa()(

A3

ye [a,b], which all qﬂjf are continuous functions, j=1,...,m. We also have that
0<, 4, (v)<winfa,b] (68)

j=1,..m;

> where Isg<oo

is fixed.
Here it is
v Ny 0=y @) B o, () -w ) fe<y<p,

Ck;(x,y) =k, (x,y)= (69)
0,a<y<ux,

)= [1 Ny () - ()

E [@,(W(y)—w(x»pflﬂ (), 70

JJ T

v xe[a,b] 1<g<m, j=1,...,m'

We have that CL;q(x)> 0 on [a,b].
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} be fixed. The weight function u is chosen so that

m

i ulx)[ T %; (x.»)
Un(y)= {H ij(y)JLy -

dx <o,
- - m
Jj=1 q

(71)
IT°,()

j=1

V yela,b], and that U, is integrable on [a,b]
A direct application of Theorem 13, see also (7), gives

Theorem 17 It is all as in Remark 16. Here @, R >R, j=1,.
coordinate. Then

.,m, are convex functions increasing per

7] T
b m CDP/ /‘/ w/b‘fj(x m f;l//j (y b fP]l/\jp (y
u(x) D, - dx < O |\ —F—||D|— CU,;(y)dy . (72)
LIl N ol o LA o
We make

Remark 18 Here j=1l,...m;i=1,..

n. et PpHp®>0,7,<0, ang f; €Clab)l Ni=[u] u; €N
0= max(Nl,...,Nm), (//eC‘g([a,b]), is increasing with t//'(x)¢0 over [a,b].

Here 0<p,<I
w7 (17
S =M +ﬂj(Nj _ﬂj). We assume that D,

and
Pis f] s a+f < C([a b]) ., m, i= 1,...,7’1. Set
VB | VB
=0 o] - f_n?i‘m{ o, amf(yi}’ 7
© i=l,...,n
and
" | 1
RN Him 9 \q .
qu+(y)'_ Dpj] /1] ru] a+‘fj(yﬂ : (Zl Dpjj /1] a)] a+f/l‘(y* j > q 21’ (74)
q 1
ye [a,b], which all M ;, are continuous functions, Jj=1,....m.We also have that
0<, M, (y)<owinfa,b] (75)
J=L...m; where I<g=<oo is fixed.
Hereitis
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v (o) -w ) 0 o, (x)-p ()i | a<y<x,

J7l 0T
Pk;(xay):: kj(xay):
0,x<y<b,

"L, (x):= j:'//'(y)(t//(x)— w(y)i
E, o,y (x)-w () LM )y,
v x €la,b] I<g<oo
We have that “ L', (x)>0 on [a,b].

Let ; € {1,...,m} be fixed. The weight function u is chosen so that

m

" [T " ()
U, (J’) = (H M,, (y)}_[y = dx < oo,

r qu (x)
j=1

Vye [a,b], and that “U is integrable on [a,b}

A direct application of Theorem 11, see also (15), gives:

(77)

Theorem 19 It is all as in Remark 18. Here ®,:R{ - R, j=1,..,m, are convex functions increasing per

coordinate. Then

B w18
b ( )m HDZJJ',/IJj,Z)j,aJrf‘/(x m Dp;,é‘j,wjj,aJr j
ulx)| |9, dx < D
L H J Pqu(x) HL ' qM_/+(y)

j#p
7i\1=8; v
R
25 U (v)dy |

We make
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Remark 20 Here j=1,...m;i=1,..,n. Let p,,u,,0;>0,y,<0, and f, eC([ab —‘,uj‘ u; gN;
H:Zmax(Nl,...,Nm)y/eC‘g([a b)) w is increasing Wlth z//( )¢0 over [a,b]. Here 0<f,<1 and

g =,uj+ﬂj(Nj—,u ) We assume that - D’ ( ) f eC([a,b]), j=1,...,m i=1,...,n. Set

piwb

VB Vi Biv
)= DA j max {0777 £, 50
i=l,...,n
and

1

VB < v B 7 \q
qu,(y)- H p ,u a) ,b— f( % (z HDpjj,qu,wj,bf_‘/i(yX j anI, (81)

g i=1

ye [a,b], which all qM/_ are continuous functions, j=1,...,m.We also have that

0<, Mjf(y)<00in[a,b], (82)
J=1lem; where Isgswo is fixed.
Hereitis
v () -w )7 B, o, () -w )Y <y <o,
Pk; (x,y) =k, (x, y) = (83)
0,a<y<x,
J=Lo.m, g4
, . 7y )
0= [y O 0)-w @ £, o))y |, (e &)

vxe[a,b] I<g<o
We have that PL;q(x)> 0 on [a,b].

Let ; € {1,...,m} be fixed. The weight function u is chosen so that

m

., ulx)[ T k; (x.»)
U, (v)= [H M,»(y)JLy = dx < o, (85)
[175.()

Jj=1

V yela,b], and that "U;, is integrable on [a,b]

A direct application of Theorem 13, see also (16), gives:
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Theorem 21 It is all as in Remark 20. Here ®;:R] - R, j=1,..,m, are convex functions increasing per
coordinate. Then

vil1=8; v
b m H Z// i/ l/;/ b— f( m_ RLDP;’(‘ff’w]j)’b_f;(y
ulx)] |, - dx < (O dy (86)
J‘a ( )];!: J PL]q(x) H_L J qu_(y)
jzp
718, Jo
J-b RLDp; £j.0;, b—f;(y ( )
o "U(y)dy |
a ’ qM;,(J’)

We make
Remark 22 The basic background here is as in Remark 10. Also q¢j+(y), I<g<mw, ye [a,b] is as in (45), (46),

(47); k! (x,») isas (48)and L', (x) asin (49), where x,y € [a,b]. Here itis

K ()= K, ()= (&) -w (@) E , o, (x)-pla)) ] ®7)

Pyt j+l

v xe[a b] 1,...,m.Indeed itis

k: (+x, ) _ (lw] By (y)(;(/;/(xx))__,/;(yg;jlj E [0, _ ]

J s (88)

p M +1[a)

V x,y€e [a,b], j=1,...,m; y is the characteristic function.

We define [ W, on [a,b], with appropiate choice of weight function u, by

ulx )k (x,
()=, cﬂﬁ(y{fjwde <o, (89)

K (x)
v ye[a,b],and that W, is integrable on [a,b]; j=L..m.

A direct application of Theorem 6, see also (2), follows:

Theorem 23 It is all as in Remark 22. Let p, >1: Z——l Let the functions @, :R} - R, j=1,...,m, be
Jj= lp

convex and increasing per coordinate. Then
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[T T s : o
ulx)| |P; " dx < B S I ) (90)
«ga LMQJ EI I qQﬁbo g

We make

Remark 24 The basic background here is as in Remark 12. Also qgojf(y), I<g<mw, ye [a,b] is as in (52), (53),
(54); k;(x,y) is as (55) and L;q (x) as in (56), where x,y € [a,b]. Here it is

K ()= K, ()= () -y )1 E oo, wb)-w(x)) | @1)

V xe [a,b], j=1,...,m.Indeed itis

2 (_”)=(mx,m(y)wy)('(”W(yl}‘_'”(x»”’fl] £ 0 ) ’], o

p M +1|.a) J
v x,ye[a,b]’ j=1,...,m_

We define W, on [a,b], with appropiate choice of weight function u, by

q Wj_ (y)zzq D (J’{Lywdx] < o0, (93)

Kf(x)
V yela,b), and that ,W,_ isintegrable on [a,6]; j=1,...m.

A direct application of Theorem 6, see also (3), follows:

m 1
Theorem 25 It is all as in Remark 24. Let p, >1: Z—Z 1. Let the functions @, :RT ->R_, j=1,...,m, be
P
convex and increasing per coordinate. Then

p M0 b— f( pj Z

J-bu(x)ﬁd). L dx < J' W, )q) ( d (94)
a i J qu(x) y q(p} ( ) y .

We need

Remark 26 The basic background here is as in Remark 14. Also A, ( ) I<g<mw, ye [a,b] is as in (59), (60),

q°7j+

(61); ij (x, y) is as (62) and CL;q(x) asin (63), where x,y € [a,b]. Here it is
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K ()= K, ()= )= @) B e, ) -pla)y] (95)

7

‘v’xe[a b] =1,...,m. Indeed itis

, (96)

L[ el ) [(Ein i)

K () E o alo, () -vla))]
vy XV E [a,b]’ j=1,...m

We define W, on [a b] with appropiate choice of weight function u, by

W)=, 4, (J’{L ()k—lg’y)dx] <oo, (97)

V yela,b], and that W, isintegrable on [a,b]; j=1,...,m.

q "+

A direct application of Theorem 23, see also (6), follows:

m 1
Theorem 27 It is all as in Remark 26. Let p, >1: Z—Z 1. Let the functions @, :RT ->R_, j=1,..,m, be

P
convex and increasing per coordinate. Then
L
Vi [Nf} K pj
D, o wif(x [
ru(x)ﬁ@. L dx < ﬁ J-bCVV (y)cI) | dy (98)
RS I Y et e AL 0)

We need

Remark 28 The basic background here is as in Remark 16. Also qijf(y), I<g<mw, ye [a,b] is as in (66), (67),
L Cp- . Cy- . o
(68); "k, (x,y) isas(69)and "L, (x) as in (70), where x,y € [a,b]. Here itis

K ()= K, (0= 0=y ) B e (6)-w ()] ©9

V xela,b], j=1,...m.Indeed itis

Ck;(x’y):[z[x,m(y)w'(y)(w(y)—w<x>>N"‘”f_lj By 0, 0) -y ()]

‘K (x) W)@ ) B o -] (100)

vy XV E [a,b]’ j=1,..m.
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. C . . . . .
We define /W, on [a,b], with appropiate choice of weight function u, by

Wﬂﬂﬂ%@{

Cq -
Iywde < o0, (101)

V yela,b], and that SWJ_ is integrable on [a,b]; j=1,...,m.

A direct application of Theorem 25, see also (7), follows:

m 1
Theorem 29 It is all as in Remark 28. Let p, >1: Z—Z 1. Let the functions @, :RT ->R_, j=1,...,m, be

P
convex and increasing per coordinate. Then
1
I
N .
CZZ{ubf( ffl//](y
J'bu(x)ﬁcb L &< 110w () (102)
= = w d .
e e [T o) =gy |

We need

Remark 30 The basic background here is as in Remark 18. Also qu+(y), 1<g<o, ye [a,b] is as in (73),
L P+ . P r+ . o
(74), (75); kj (x,y) is as (76) and qu(x) asin (77), where x,y € [a,b]. Hereitis

"K; ()= K, (0= ) -y B, o (r()-pla)) ] (103)

V xela,b], j=1,...m.Indeed itis

- raow Il ) EiL o <ww]
2x] ] £

— ) (104)
K00 (@)@ pggﬂbj |
vy XV E [a,b] j=1,...m
We define WJ+ on [a,b], with appropiate choice of weight function u,
"k (6, )
WL ()=, M, (v bu(x—j’dx <o, (105)
q""J q "] J; PKj (x)

V yela,b), and that I;W is integrable on [a,b]; j=1,...,m.

A direct application of Theorem 23, see also (15), follows:
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Theorem 31 It is all as in Remark 30. Here ®;:R} - R, j=1,..,m, are convex functions increasing per
coordinate. Then

(1 B ) K i
vy 7 1=-B; v
J'b ( )ﬁCI) HDj;i #] V;] a+ﬂ (x d < m »P RLDP; 5} w]J ‘HJFJ (y
ulx . n X < w. (v . d ) (106)
a 1 J Pqu (x) H J‘a g j+(y) J qu+ (y) 'y

We need

Remark 32 The basic background here is as in Remark 20. Also quf(y), 1<g<o, ye [a,b] is as in (80),
81),(82); "k; (x,») isasin(83)and "L, (x) asin (84), where x,y € [a,b]. Here it is

K ()= K, ()= () -w () B b))y ] 107

J

v xe[a b] 1,...,m.Indeed itis

) (m(y)w feta-vt ) 5l (l//(y)—v/(X))"f]

KW "w®-v ) |2 To e -v)] | 1o

P jsei=H ]
v x,ye[a,b]’ j=1,...m

. P . . . . .
We define Wj_ on [a,b], with appropiate choice of weight function u,

W)=, M j_(y)[fymyk—wde <o, (109)

\v ye[a b] and that WF is integrable on [a,b]; j=1,..,m.

A direct application of Theorem 25, see also (16), follows:

Theorem 33 It is all as in Remark 32. Here ®;:R] - R, j=1,..,m, are convex functions increasing per
coordinate. Then

S
~.
S|

D
m P/#IWb

I:M(X)HCD/ PL;q(x) dr < ﬁ J- Wj—()’)q)j

dy | . (110)
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We make

Remark 34 Let feC([a b]) 1,...,n,and f (fl,...,fn).We set

H?(y)ﬂw = max{ f;(y)oes | £, (0)

and
70 ¢

€ C([a,b]), for all 1<g<o. We assume that H?(yj
q

(111)

(Zlf y)|} ,q>1;y€(a,b]

>0, a.e. on (a,b), for qe[l,oo]

Clearly it is H?(yj
q

being fixed.

Let

dy,x € [a,b], (112)

o= [ ]

1S4<% fyeq.

We assume L;(x)> 0 a.e.on (a,b).

Here we considered

v (N ) -w () EL oy () -y () Ja<y<x,

k*(x, v):=k(x,y):= (113)
0, x<y<b,

where p, 1, y,w>0; v € Cl([a,b]) which is increasing.

The weight function u is chosen so that

=[70)

a.e.on (a,b) and that W, is integrable on [a,b].

[ %dx}w, (114)

A direct application of Theorem 8 produces:

Theorem 35 Let all as in Remark 34. Here ®:R" — R is a convex and increasing per coordinate function.
Then
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Pulso ﬁﬁma(u)‘(x ae< [ (o H‘J]‘Fy)()( . (115)
We make
Remark 36 Let / € C([a,b]), i=1,..n,and f=(f,....f,). We set
H?(y)ﬂw =max{f,(v)....| £, ()}
and (116)

H?(y)” (ZV y)|] ,q=1;yela,b]

Clearly it is ?(yj eC([a,b]), for all 1< g <o. We assume that H?(yj >0, a.e. on (a,b), for g e[l,oo]
q q
being fixed.
Let
(x):= v[fk(x,y)”?(y)‘ dy,xe[a,b], (117)
q
15459 fyeq.

We assume L;(x)> 0 a.e.on (a,b).

Here we considered

v (Nw(y) “IEZ”[a) lx3y<b,
k(x, y) = k(x,y):= (118)
0,a<y<x,

where p, 1, y,w>0; y € Cl([a,b]) which is increasing.

The weight function u is chosen so that

_(y):: H?(yjq(jay%()(:;’y)dx]< 00, (119)

a.e.on (a,b) and that W is integrable on [a,b].
A direct application of Theorem 8 produces:

Theorem 37 Let all as in Remark 36. Here ®:R" — R is a convex and increasing per coordinate function.
Then
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Next we deal with the spherical shell:
Background 38 We need:

Let N>2, S"':={xeR" :|x| =1} the unit sphere on R", where || stands for the

Also denote the ball B(O,R):Z {xeR": |x| <R}cR", R>0, and the spherical shell

A:=B(0,R,)-B(0,R,), 0<R, <R,.

For the following see [12, pp. 149-150], and [13, pp. 87-88].

For x e RY —{0} we can write uniquely x = rw, where r—|x| >0, and w="2es"
r

Clearly here
¥ —{0} = (0,00)x S™,

and

A=[R, R ]xS"".
We will be using

Theorem 39 ([1, p. 322]) Let f: 4 >R be a Lebesgue integrable function. Then

Lf () = J.SN{J: *flro)” ldrjdw'

George A. Anastassiou

(120)

Euclidean norm in RY.

(121)

ol =1.

(122)

(123)

(124)

So we are able to write an integral on the shell in polar form using the polar coordinates (r, a))

We need

Definition 40 Let p, 1,7, w>0; f € C(Z) and y € Cl([Rl,Rz]) which is increasing. The left and right radial

Prabhakar fractional integrals with respect to  are defined as follows:

(e 110 = [ O ) O By [ )~ w0 ok,

and

(pusz—fX Ny (e) -y (r)y~ lEy [W ]f(fa))dt,

- _ N-1
where X € 4 thatis X=7®, re[Rl,RZ], wesS"
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Based on [1], p. 288 and [2, 4], we have that (125), (126) are continuous functions over Z when p>1.

We make

Remark 41 Let f, EC(Z), where the shell 4 isasin(121), i=1,...,n, and ?Z(fl,...,fn).We set

o),

and (127)

Hﬂﬁ( = (glﬁ(y)lq}, gzl;yed.

€ C(Z) 1< g <00.One can write that

o)

where ¢ € [RI,RZ], weS""; y=tw, by Background 38.

—_

Clearly it is H?(y)(
q

b - - b

- H}(ta,)( 1<g<w (128)
q

We assume that H?(yj >0on A, 1< q < o fixed.
q

Consider the kernel

K (ro) = k)= 2 0 O (O ()= O 2l (r)-p (1))} (129)
where p, 1,7, w>0; y € Cl([Rl,R2 ]) which is increasing.
Let

d, (130)

q

L(x)= L (re)= jgzk:(r,t)ﬂm

x=roe€d 1<q<ow fixed; r€[R,R,], weS".
We have that L;*(ra)) >0 for r € (R,,R,], forevery e "
Here we choose the weight u(x) = u(ra)) = L;*(ra)).
Consider the function

W*( W+ (to)=|f(tw

131
( k*rl)drj (=0

v te[R,R,], @ S""; and W, (tw) is integrable over [R,R,], V we S

Here ®:R” — R is a convex and increasing per coordinate function. By (115) we obtain
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& e f(w
[z (oo 20 dr < j “(to)D dr, (132)
R, Lq*(ra)) f(ta)j
q

VweS',

Here we have R, <r<R,,and R"" <r"' <R)"', and Ry <r'"™" <R, also r"'¥'"" =1. Thus by (132),
we have

e’ f(ra) N-1 ‘
Ry s ot Ry ¢ N-1 R R f ro
L dr< |22 2 N-1
J-Rl q*(ra))q) L;*(ra)) T [RIJ J‘R1 q*(ra))CI) f(ra) redr, (133)
q
VoeS"
Therefore it holds
& iy S0 /(o)
J.N . J. L+ (roo)o o +R1 rVldr [dew < (&J J.N . J.RZ q:(ra))q) —— r"dr [do. (134)
S o) R S
Using Theorem 39 we derive:
Theorem 42 All as in Remark 41. Then
& n S faNe e
[ L. (x)o ACE dx < (éj [ () m dx, (135)
q
where ep/mR1 f( ((pﬂle fX (pﬂle X ) and coordinates are assumed to be continuous

functions on A.

We make

Remark 43 Let f, EC(Z), where the shell 4 isasin(121), i=1,...,n, and ?Z(fl,...,fn).We set

7)) = max{ ANl 0}
and ! (136)
H?(yt = (Z:M(y)rjq, g=>l;ye A

€ C(Z) 1< g <. One can write that

Clearly itis H?(y)(
q
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b - - b

o)

where ¢ € [RI,RZ], weS""; y=tw, by Background 38.

ol sa<-
q

We assume that H?(}% >0on A, 1< q < oo fixed.
q

Consider the kernel
k*_(r’t):: k(r’t) r R )(Z)W ( )(l// p u [W
where p, 1, y,w>0; y € Cl([Rl,R2 ]) which is increasing.

Let

dt,

q

L.(x)=L.(re)= jjzk;(r,t)( 1w

1

x=roed 1<qg<ow fixed; r€[R,R,], € s
We have that L;*(ra)) >0 for re(R,R,], forevery we S
Here we choose the weight u(x) = u(ra)) = L;*(ra)).

Consider the function

W, ()= W,.(t0)=| /(0

q( j}:zk; (r, t)drj <o

\ te[Rl,Rz], weS""; and Wq_*(la)) is integrable over [RI,RZ], VweS'

(137)

L (138)

(139)

(140)

Here @ :R” — R is a convex and increasing per coordinate function. By (120) we obtain

IRI (ra))dl o Rz(rj)g dr < j}szIfq; (ta) ‘]{(EZ) dt,

VweS',

(141)

Here we have R, <r<R,,and R""' <r"' <R}, and Ry <r'"™" <R, also r"'¥'"" =1. Thus by (141),

we have
Slro
R2 /‘ WiRy = N-1 R Ry
IR q*(ra))dl (o) rldr < (—jj N w,.(re
VweS'
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Therefore it holds

eV _f(ra) N-1 f(ra))(
R2 -1 W,Ry -1 R R2 _ ‘ _
[ o L (ro)o L) PV ldr |de < [??j [ . W (ro)o e e ldo. (143
q

Using Theorem 39 we derive:

Theorem 44 All as in Remark 43. Then

w,R f( * R N ‘m’
NEY M—z dx < [—ZJ W (x)0| 1 |dx, (144)
A e r) A
q
where epﬂsz ((pﬂsz fX , ,(pﬂwR X ) and coordinates are assumed to be continuous

functions on A.

We need

Definition 45 Let P iw>0,7<0, N=[u], ueN: feC*(4) and weC'(R.R] v ()20, v
re [RDRZ], and ¥ is increasing. We define the ¥ -Prabhakar-Caputo radial left and right fractional derivatives of
order # asfollows(x€ 4; x=rw, T € [RDRZ], we SNfl)

(D2 a )= G0 S Nre0) =

L:W'(t)(l// (r)-w (@)™ E),. ﬂ[w(l//(r)—l//(t))p:( ’1 da jN ftw)dt (145)

1 7 (r) dr
(125)
- ( ;yNWuwRI N]X

where
1 a)
fW[N](X): fJN](ra));Z (,/,(r);j f(ra)), (146)
is the N th order y -radial derivative of f,
and
(CDysz fX (CDZZMZ era)):z
[ @ @)-p () )T () -y ()] (147)
N
1 d (126)
(—v/ (r)EJ flew)dr = (1) ey s fm)(
Vxed.
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In this work we assume that (CD;ZW R +f) and (CDyl’jW’Rz_f) are continuous functions over A.

We make

Remark 46 Let Pi4w>0,7<0 N=[u], ﬂgN?f,.eCN(Zli:l’“"”’ and [ =(fisrnf,) and

Ve CN([RI’R2 ])’ '//,(r)i 0, v’ e [RI’R2]’ and ¥ is increasing. We follow Definition 45 and we set:

fw[N](y)” = maXﬂf oo £ ](y)(},
and \ (148)
O] =(S6) [ azrive
q i=1
One can write that
fW[N](y)( = fW[N](taJ)( J1<g <o, (149)
q q
where te[Rl’RZ], wesV, YTIO,
Notice that fy,[N](y* € C(Z) 1<g<o
q
We assume that fW[N](yX >0on 4,1< q <o fixed.
q
Consider the kernel
k()= ()= 20 Ny ()= w O i [l () -p ()Y | (150
Let
Cr+ _C g+ _ Ry © + (V]
Li(x)= Lq(m))—jk1 k (r,t)( 1 (ta))(th, (151)
x=ra)ezl 1< g < fixed; re[R,R,], weS".
We have that CL;(ra))> 0 for re(R,,R,],Y weS"".
Here we choose the weight u(x)= u(ra)) = CL; (ra))
Consider the function
Crprt(.\_C 17+ _ I [N] R,
;)= W, )= 1) [ [ ot | <o 152
q

v te[R,R,], @ S""'; and W, (tw) is integrable over [R,R,], ¥ we SV
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Here @ :R” — R is a convex and increasing per coordinate function.

A direct application of Theorem 42, along with (145) follows:
Theorem 47 All as in Remark 46. Then

dx, (153)

cL;<x) o (%]N_ILCW(’C)@

q

where (CD;ZWHfX Z((CDgzwth ) ,(CDZZMHfX ) and the coordinates are assumed to be
continuous on A .
We make

Remark 48 Let A4W>0,7<0 n_T7 ﬂgN?f,.eCN(Zli:l’“"”’ and [ =(finf,) and

Ve CN([RI’R2 ])’ '//'(r)i 0, v e [RI’RZ]’ and ¥ is increasing. We follow Definition 45 and we set:

fw[N](yﬂ = maxﬂflgy](yj,..., fn[;,v](yj},
and | (154)
70 =20y | gzt e
One can write that
fW[N](y)( = fW[N](ta))( ,1<g <o, (155)
q q
where tE[Rl’RZ], wesV, YTIO,
Notice that fy,[N](d € C(Z) 1<g<o.
q
We assume that fVEN](y* >0 on A, 1<g<oo fixed.
q
Consider the kernel
o lrt)im ko) 2o O0 OO ) B ol ()Y | (156
Let
L= L) [ & (r,tﬁfJN](tw)(th, (157)

x=roed 1<q<ow fixed; r€[R,R,], weS".
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We have that CL;(ra))> 0 for re (R,R,], VY weS"™".

Here we choose the weight u(x) = u(ra)) = CL; (ra))

Consider the function

W, ()= W, ()=

JN](za))”q(J'Rlz k (r,t)dr} < oo, (158)

\ te[Rl,Rz], weS""; and CWq_(ta)) is integrable over [RI,RZ], VweS'

Here @ :R” — R is a convex and increasing per coordinate function.

A direct application of Theorem 44, along with (147) follows:

Theorem 49 All as in Remark 48. Then

C ( pusz fX N c V/[N](x
[ L) e )‘ < (%] [RAG T dx, (159)
1 v X

where (CD”’ _fXx ((CD”’ _fIXx (CD”’ anx)) and the coordinates are assumed to be

Pt W Ry Pt W Ry Pt W Ry =

continuous on A .

We need

. A N '
Definition 50 Let P>4W>0,7<0 N=[ul, meN; fEC(A) and V€€ (R R, ] w (’”)7&0, v
re [RI’R2]’ and ¥ isincreasing. The ¥ -Prabhakar-Riemann Liouville left and right radial fractional derivatives of
order # are defined as follows (see also Definition 40)

RL ryrsv — 1 d
( p#wR+fX ( Dqu& fxrw)' (ny)d j (pNyw& fX (160)
and
RL 7w RL 7w — 1 d L
( D ﬂWR fX ( DP,UWR fxra)) (_l/lr(l")dl"j (PN uw,Ry— fX (161)

A er; where x =rw, re[Rl,RZ], weS".

In this work we assume that (RLD7 v f) (RLDZZ,W,Rf )e C(Z)

PopW, R+

Next we define the i -Hilfer-Prabhakar left and right radial fractional derivatives of order u and type
pe [0,1], as follows (& == ,u+ﬂ(N—,u), see also Definition 40):
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(o o s o) =D S Nre)= e (DL f ), (162
and

(o o N =0 o s hro)= 2% o (D22 1)) (163
V xe 4; where x=rw, re[R,R,] weS"™".

In this work we assume that (HDM"’ f) (HD”W _f)e C(Z)

Pt W, Ry + p/twR
We make
Remark 51 Let P, u,w>0, 7/<0’ N:’V/J—‘, ,UfN, OSIBSII gZ:ﬂ‘i‘ﬂ(N—‘U), f; EC(Z) i=1,..,n, and

4 ECN([Rl’Rz])’ ‘//,(r)iol Vi VE[RlaRz]o

set:

and ¥ is increasing. We follow Definition 50, especially (162) and we

(o, ny)( :
max{(RLDyé‘fR';’ ny)(, "

(RL y}fwﬁRf S XJ’X}

and (164)
1
(ﬁL ZéfRTnyX 1:[ (RL ;éf,{fkyj jq >1;ye A
i=1
One can write that
(”Dﬁéfglw ny)ﬂ (RLDZ}fR‘ﬁfow)(q I<g <o, (165)
where tE[Rl’RZ], wesY, YTIO,
Notice that (“DZ;fR‘ﬁny)‘ € C( ) 1<g<L .
We assume that (RLD; 15 ‘fRW+ny)H >0o0n A4, 1< q <o fixed.
q
Consider the kernel
Pk )= k()= Lo OV O )=y @) B2 () - 0)Y ] (166)
Let
P
"L (x)=" LZ(M)):L? K (r, f)“RLDﬁéfR'ﬁfow)( 1, (167)
1

66



George A. Anastassiou Journal of Advances in Applied & Computational Mathematics, 8, 2021
x=roed i weS"!
, 1< g Lo fixed; re[Rl,Rz], :
P N-1
We have that L;(ra))>0 for re(R,R,],V weS".

Here we choose the weight u(x) = u(ra)) = PL;(ra)).

Consider the function

W)= (w)=

(o0 1 eo) U 2Pk+(r,t)dr] <o, (168)
1
v te[R,R,], @ S""; and "W, (tw) is integrable over [R,R,], ¥ we SV

Here ®:R’ — R is a convex and increasing per coordinate function.

A direct application of Theorem 42, along with (162) follows:

Theorem 52 All as in Remark 51. Then

Dz, f D, f
[ L - L;:x) dx < (%j IAPWJ(X)CD (RLD:;ﬂI:’fX dx, (169)
2,6, W,R, +

q

where (HDf,flvaJ”X ((HDM"’ ﬁXx (HDM"’ anx)) and the coordinates are assumed to be

p,ule pﬂWRl

continuous on A.
We make
Remark 53 Let 224w>0,7<0 N=[u], peN, 0<p<1 E=u+B(N-p), f eC(Zl i=l,n, 4

4 ECN([Rl’Rz])’ ‘//,(r)iol \v4 VE[RlaRz]o

set:

and ¥ is increasing. We follow Definition 50, especially (163) and we

(o )
max{(RLDg;fR"; ny){

-3

o DL ny)(

S o 7)ok

and (170)

(o Dy nyX

1

q _
(RLDZéwﬂRZ ny)( j ,q=>1;y€e A

One can write that

(D2 7Yoo

,1<g <o, (171)
q
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where te[Rl’RZ], wesV; YTIO,

Notice that EC( ) 1<g <,

(s o),

We assume that >0onA,1< g < o fixed.

(o b

Consider the kernel
Pki(rat):: k(’"at):: l[r,Rz)(t)l//,(l)(W(t)_w g " lEpysf/t[W J (172)

Let

PL(0)=" L (re0) = L:Z”k(r,t)(

q

(RLDyéf S Xfw)” , (173)

x=roed 1<q<ow fixed; r€[R,R,], weS".
P o N-1
We have that Lq(ra))> 0 forre(R,R,],V weS" .
Here we choose the weight u(x) = u(ra)) = PL;(ra)).

Consider the function

Wy () =" W, (o) = [ DL era))” U K rtdr] (174)

v te[R,R,], @ S""'; and "W, (tw) is integrable over [R,R,], ¥ we SV

Here ®:R” — R is a convex and increasing per coordinate function.

A direct application of Theorem 44, along with (163) follows:

Theorem 54 All as in Remark 53. Then

(RLD;éfRW fXx

7(1-p);
pwal;/ ka)

dx, (175)

["s it m%x )f)(x) ) %jN-‘LPWq(x)@

q

where (gDZ’,ﬁi'fv,szka)Z((ng;,ﬁi'a’szlex (HDZfl'va anx)) and the coordinates are assumed to be
continuous on Z

We make

Remark 55 Let [, € C([a,b]), j=12;i=1,..mye Cl([a,b]) which is increasing. Let also p,, 1., 7;,@, >0
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and (p - ﬁfﬂX xe[a b] as in (2). We assume here that 0 < f, ( )< 0 on [a,b], i=1,..,m.

Here we consider the kernel

v () -w ) ED, o) -w() }a<ys<x,
k' (x,y)=k(x,y)= (176)
0, x<y<b,

i=1,...m.

Choose weight u#(x)> 0, so that

b kf(x’y)
vi(v):= )] )= dx < oo, 177
2 L (e;ﬁ JZ[ @, ,a+fz,' XX) ( )

a.e.on [a,b], and that y/, is integrable on [a,b], i=1,..,m.

Theorem 9 immediately implies:

Theorem 56 All as in Remark 55. Let p, >1: Z =1. Let the functions ®@,:R, ->R_, 1,...,m, be convex
i=1 i

and increasing. Then

s (e ) .
S e [ )

We make

Remark 57 Let [, € C([ b]) j=12;i=1,..mye Cl([a,b]) which is increasing. Let also p,, 1., 7;,@, >0
and ( b fﬂX xe b] as in (3). We assume here that 0< £, (y)< o on [a,b], i=1,..,m.

Here we consider the kernel

v () -v @Y EL [oly()-p)y }x<y <t
k (x,y)=k,(x,y)= (179)
0,a<y<ux,

i=1,...m.

Choose weight u(x)z 0, so that
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= RO ol j) RLE 150)

a.e.on [a,b], and that Z is integrable on [a,b], i=1,..,m.

Theorem 9 immediately implies:

Theorem 58 All as in Remark 57. Let p, >1: Z——l Let the functions @,:R, »>R_, i=1,...,m, be convex

llpi

and increasing. Then

(plu,wallkj |f } "
I 1_1[ {(pl#lwabx )]dx_ H[ (y)q)(fzk))i)j ] . o

We make

J=L2i=1,..n Dis s @, >0, 7, <0, N-:’—ﬂi—l u 2N; 0:=max(N,,..,N, )

‘/’ECQ([a’bD’ t//'(x);tO over [a b] Y is increasing; S ech ([a b]) and f/[l,/,]( )Z(%%)Nifﬁ(x)av

Remark 59 Let

xe[a,b]_ Here

3 (6) [v.] (182)
C iV | v
( Dpl.,yl.,{ul.,a+f1ji Xx) ( Pi» Nl —H; 0 a+ ]11// X
v Y€ [a,b] j=12;i=1,...,m.
We assume that 0 < lejzjj(y)< oo on [a,b], i=1,...,m.

Here we consider the kernel

v ) -w ) ES o) vy a<ysx,
U, y)=k(x,y)= (183)
0, x<y<b,

i=1,...m.

Choose weight u >0, so that

C

1\ “k; (x,y)
. = 7l ) i\ dx < oo,
V/l (y) 211// (y)J- u(x/ (CDZI /y; w a+f2i Xx) X (1 84)

a.e.on [a,b], and that “y, is integrable on [a,b], i=1,..,m.
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Theorem 56 immediately produces:

Theorem 60 All as in Remark 59. Let p, >1: Z——l Let the functions @, :R, >R,

llpi

=1,...,m, be convex

and increasing. Then

Pyt @;a+ 2

A . oy
Lu(x)i l(I) [ECDV; - fzi)j}dxg H Lb Wl(y)q),[—h[z—](LJ dy| . (185)
We make

Remark 61 Let J=L2i=1,..,n; Pis i, 0. >0,y <0, N, = !_,ui—|, u, &N; 0= max(Nl,...,Nm ),
, N;
y e C(a.b]) y'(x)#0 over [a b] ¥ s increasing; f, eC" ([a, b]) and f/[w,]( ):(%dij f/‘i(‘x)’ v
x)dx
xela,b]

. Here

(CD;? g0, b f/iXx)(;)(—l) (;y'N e f/[,];[,]x (186)

v xelab] j=12i=1,..m

We assume that 0<f2“/, ( )<w on [a,b] i=1,...,m.

Here we consider the kernel

v ) -w@) ™ E7 L o () -y )y ] x<v<s,

ki (x,y):=k,(x,y)= (187)

0,a<y<ux,
i=1,...,m.

Choose weight u >0, so that

(N Al . Sk (x,y)
w.(v)= £, ()] ulx - dx <o, 188
2iy v[l /(CDizzzi’wi,bﬁfZi Xx) ( )

a.e.on [a,b], and that Cl/7l. is integrable on [a,b], i=1,...,m.

Theorem 58 immediately produces:

Theorem 62 All as in Remark 61. Let p, >1: Z——l Let the functions @, :R, >R,

i=1 i

=1,...,m, be convex

and increasing. Then
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b m (CDV,-;Z a,,;rfli X wl e [N;] p; »;
Lu(x)l;[cb ((C B le}xud% 1—1[ [ Z(ﬂ@(%} dv| . (189)

We make

Remark 63 Let J=L2Zi=l...m p u.0>0,7,<0,N,=[u]  uN;0:=max(N,,..N,)
weC’([a,b]) w'(x)#0 over [a.b] v is increasing; f,eC(a,b]). Let 0<B <1 and &= +B(N, - ).

i=1...m \ye assume that RLDp o Mf € C([a,b]) and 0 <* DZ;F;;ﬁi)ff+f2i(y)<w on [a,b]' i=loom pere
we have
as) _ 5. RL (g} (190)
NN & S s )
v Y€ [a,b] j=12;i=1,...,m.
Here we consider the kernel
v ) -v OB, o () -w () fa<y<x,
Pl (x,y) =k (x,y)= (191)
0, x<y<b,
i=1,...m.
Choose weight u >0, so that
P RL (1 ﬂ) u(x) x J’)
v )= (i 1, () dr<on, (192)
RO ACTANAY

a.e.on [a,b], and that "y, is integrable on [a,b], i=1,..,m.

Theorem 56 immediately produces:

21
Theorem 64 All as in Remark 63. Let p, >1: Z—Zl. Let the functions @,:R, »>R_, i=1,...,m, be convex
i=1 i

and increasing. Then
1

o (D )] . (it 7))
[eole ((H Sriewaci st} %(y)@{( AT J s

We make
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j=12;i=1,..m

Remark 65 Let S po >0,y <0, N, =[x ], &N;0:=max(N,,..,N,)

l//ng([a,b]), v (x)#0 over [a,b], Y is increasing; S e C([a,b]). Let 0< B <1 and & =, +B(N,—u,).

i=1...m \e assume that % D’ (ét w)b f, €C(la,b]) and 0 <™ D’ (é m)b fo(y) <0 on [a,b]' i=lom ere

we have

(16) Y RL 194
( 7iBv fﬂX V,ﬁ,,l// DV,(I B; )1// ﬂ(x) ( )

Pty @; ,fl-fﬂ,,wl,bf Pir6;0;b
v Xela,b] j=12;i=1,...m

Here we consider the kernel

v (N 0)-w @) E7 oy () -v()y fx sy <o,
Tk (x.y)=k(x,y)= (195)
0,a<y<ux,

i=1,...,m.

Choose weight u >0, so that

PVZ()’) (RLDZ’(; i))b fzz( )).[ ( u(),c,l,,z// al y) dx < o, (196)

Pyl 0; b— f.21
a.e.on [a,b], and that Pl/7l. is integrable on [a,b], i=1,...,m

Theorem 58 immediately produces:

21
Theorem 66 All as in Remark 65. Let p, >1: Z—Zl. Let the functions @,:R, »>R_, i=1,...,m, be convex
=1 i

and increasing. Then

("o i o) \( it o))"

b m
b
ulx)| 1D, dx < PjsS;s® 197
R v el | TRZOC o e vl K R
z”uz’ 2i i=1 RN f‘21 )
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