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A Numerical Method with Shifted Chebyshev Polynomials for a Set
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Abstract: In this paper, a high-efficiency numerical algorithm based on shifted Chebyshev polynomials is given to solve
a set of variable-order fractional partial differential equations. First, we structure the differential operator matrix of the
shifted Chebyshev polynomials. Then, we transform the problem into solving a set of linear algebraic equations to obtain
the numerical solution. Moreover, a step of error correction is given. Finally, numerical examples are given to show the

effectiveness and practicability of the proposed method.
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1. INTRODUCTION

As an important module of mathematical theory [1],
fractional calculus theory has been successfully applied
to various fields, such as physics and statistical
mechanics [2-5], viscoelastic material [6-10], signal
processing, control theory [11-16], and so on. However,
more and more researchers have found that the
fractional differential operators can be used to solve
complex dynamic problems, such as the model of
linear and nonlinear viscoelastic oscillators [17, 18], the
change of the fractional-order with time [19, 20], the
physics experiment of the fractional-order operator [21],
and so on. In [22], the fractional derivative is used to
model percolation equations, which can describe the
time-dependent percolation process more effectively.
So far, many scholars have proposed different define-
tions of variable-order fractional differential operators,
including Riemann-Liouvile definition, Caputo definition,
Marchaud definition, and Coimbra definition [23-29].

In recent years, more and more numerical methods
for fractional partial differential equations have been
studied to approximate analytical solutions. Many
scholars have proposed numerical methods for various
types of fractional differential equations, including the
Chebyshev and Legendre polynomials methods [30-35,
40], Wavelet analysis method [36-39], piecewise
constant function methods [41, 42], differential transfor-
mation method [43], traveling wave transformation
method [44], spectral methods [45, 46], Adomian
decomposition method [47] etc. Due to the complexity
of variable-order fractional partial differential equations
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are hard to obtain. Most researchers used different
methods to solve the variable-order fractional partial
differential equations. For example, in [48] the authors
proposed the Legendre polynomials method to solve
the variable order linear fractional partial differential
equation. Shen S [49] and others employed the finite
difference method to solve the variable-order fractional
convection-diffusion equation with a nonlinear source
term on a finite field. A method of accurate spectral
collocation to solve one-dimensional and two-
dimensional variable-order fractional nonlinear cable
equations was proposed in [50].

In this paper, the shifted Chebyshev polynomials
are applied to obtain the numerical solutions for a
system of variable-order fractional partial differential
equations. Indeed, Chebyshev polynomials have a
wide variety of applications and play an indispensable
role in solving integral equations and differential
equations.

The following forms of a system of variable-order
fractional partial differential equations are discussed:

%u(xt) | dulxt)

( a T+ g1w) = fi(x0),

FOyxt) | av(xt) (x,t) €
{ e+ g2 (W) = fr(x0),

which satisfy the following initial conditions and
boundary conditions:

u(OJ t) = hl(t),u(x, 0) = (Pl (x)v

v(0,t) = hy(£),v(x,0) = @, (%), )
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Ga(x)u(x,t)

) and
ox

where ~ 0<alx)<10<p()<1 ,

)
aﬁz(t@ are derivative of Caputo definition. ”(x’t),
ot

v(x,t) gl(u,v)

) ) ’

2,(u,v) fl(x,t)1 fo(x.1) are square

integrable functions on [0,X]x[0,7]. And gl(”"’),
g:2(0v)  £il6t) - £(6) a6 known functions, “(%7)

"(x’t) are pending functions.

The structure of this paper is as follows: In Section
2, we introduce some definitions of shifted Chebyshev
polynomials and variable-order fractional differential
operators. In Section 3, we present the algorithm and
differential operator matrix. Error analysis of
approximate solutions is mainly investigated in Section
4. Three illustrative numerical examples are shown to
demonstrate the accuracy and efficiency of the
proposed method in Section 5. Finally, conclusions are
given in Section 6.

2. PRELIMINARIES

2.1. Fractional Calculus and Shifted Chebyshev
Polynomials

Definition 1 The Riemann - Liouville fractional
derivative of the variable order «(t) is defined as
follows:

RLpa(t) — 1 an et f@ _
D f(0) = rmary ar Jo s dnn—1<
a(t) <n. @)

Definition 2 The Caputo fractional derivative of the
variable order a(t) is defined as follows:

¢ na® __ 1 t ™M@
Dt f(t) - r(n-a(t)) fo (t_.[)a(t)—n+1 dT' n-1<

a(t) < n. “)

Definition 3 The Chebyshev polynomials on the
interval [—1,1] are defined as follows:

Gi+1(X) = ZXGL'(X) - Gi—lv i = 1,2,3,"‘

Go(x) =1, G;(x)=x. (5)

The shifted Chebyshev polynomials are defined on
[0,R] by taking transformation x = %— 1 in the ones

obtained on [—1,1]. Therefore, the shifted Chebyshev
polynomials on the interval [0, R] are given by:

Tia(®) = 2(3 = 1) T(6) = iy (0),6 = 1,23+
To(t) = 1,Ty(t) = g— 1,

The explicit form of the shifted Chebyshev
polynomials T, (t) of degree n is given as follows:

L

(7)

The shifted Chebyshev polynomials are orthogonal
on [0,R] with respect to the weight function w(t) =

—\/ﬁ. The orthogonality conditions are presented by

the following relations:

0, nexm,
Z}n=m= , (8)
E,n=m¢0.

[T (DT (Dw(t)dt =

Now, we define:

@ (1) = [To(O), T2 (0),, T,(D]", ©)
then we get:
(6) = ArT (1), (10)
where
T(t) =[1,¢t?,...,t"]7, (11)
Ppp 0 - 0
ag=|Pro P 0 (12)
Pro Pna 0 Pon
where
Poo=1,

2
Pij =2 Pi1j-1—=Pic1j) = Pz
Pj=0fori<jori<Oorj<Oo.

Obviously, Ag is full rank and reversible.

2.2. Function Approximation

The approximation function based on the families of
SCPs of x and t was applied to replace the Unknown
function. The collocation method was used to discretize
the variables x and t to transform the set of variable-
order fractional partial differential equations into a set
of algebraic equations. The numerical algorithm is
summarized in Figure 1.

For arbitrary functions u(x,t),v(x,t) € L*([0,X] %
[0,T]), they can be developed in terms of the shifted
Chebyshev polynomials. By taking the (n+ 1)? first
shifted Chebyshev polynomials, we get:
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Figure 1: A schematic illustration of the proposed numerical algorithm.

u(xt) = up(x, t) = ?:oZ?:o u;; Ty () T;(t) =

dT(x)CP(t), (13)
v )~ () = Ty o vy TOT(O) =
DT (x)KD(8), (14)

where w;;,v;;(i=0,1,--,n;j=0,1,--,n) are called
two-dimensional functions, ¢ and K are the shifted
Chebyshev polynomials approximation coefficients of
u(x, t) and v(x,t), respectively.

3. SHIFTED CHEBYSHEV
DIFFERENTIAL OPERATOR MATRIX

POLYNOMIALS

3.1. First Order Differential Operator Matrix of
Shifted Chebyshev Polynomials

Definition 4 If there are matrices D and P,
satisfying @'(t) = D®(t) and @'(x) = P®(x), then D
and P are called the first-order differential operator
matrices of shifted Chebyshev polynomials.

By calculating the first-order derivative of @(t), we
get:

®'(t) = (ArT(t)) = ArT'(t)

1’ 0
t' 1 . (15)
=Ar =Ar . = ArVin+)xnT " (0),
' ntn-1

)

where A is obtained by replacing R by T in Eq. (12),
and

o0 - 0 1
10 - 0 t
Vntnyxn =10 2 - 0LT(®) = ¢ | (16)
P 0 "2
lO 0o - nJ tn_l

By using Eq. (10), we obtain:

T°(t) = Br®(1), (17)

* - — _ T
Where BT = [AT,%l]’AT,%Z]’”.’AT,%‘I’I,]] .
According to Eq. (15) and (17), we get:
?'(t) = ArVis1)xnBr®(t) = DO(1), (18)

where D = ArVin41)xnBr is a first-order differential
operator matrix of the shifted Chebyshev polynomials.

The similar result can be obtained:

&'(x) = Po(x), (19)
where P = AxVin11)xnByx-

Now, using Egs. (13), (14), (18) and (19), we get:

ou(x,t) 0 (T (z)C® (1)

~

6:17 (3:1'
AT
=7 () (AxViut1)xn Bx) C® (t) (20)

o (z,t) 92T (x) K (1))
ot ot
=oT (z) KD (t)
=& (2) KATVini1)xn Br® (1) 1)

Furthermore, the higher-order differential operator
matrices derived from SCPs by mathematical induction
have the following form:

Lo (x) = (P)'d(x). (22)

3.2. Variable order differential operator matrix of
the shifted Chebyshev polynomials

Definition 5 If there are matrices P”® and P*™,
" ()

Wit =P Oo(r) and
t

satisfying
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a(Z(X)(pT(")=@T(JC)(P"‘“‘))T, then P’® and P“™ are GRTER) ~ ( "o ))3ex
ox X x axa(x) axa(x
called variable order differential operator matrices of 6“(x)cD( ) T
shifted Chebyshev polynomials. = (W%] C (1 )ex
. . . o X (26)
By taking the variable-order fractional derivative of - 1 T
v(x,7), we obtain: = AV Ax P (X)) ca(r)
=@ (x ) PN T CD(t Bex,
6ﬁ(')v(x,t)
PY0)
B0)(pT
<2 d;tgx,)K@(t) 3ex where i=alx),alx)+1,--,n
) _
o"ap(r) PE = AxVirnyxmenAx ' @nd
=¢T(x)KW3ex )
_ T L TBO+Y) poepe . LE+) i V(*Y:+1)><(n+1) =
-7 (X)I{O’ TR0 +1-p0) TUTe-p0) 0 - 0 0 0
= djT(x)KATV(ZH)x(nn)A;l‘p(t) I : : : : :
=0T (x)KPPO D (r Bex, ra@)+1)x” *® 0 0
r'(a(x)+1-a(x))
(23) 0 ) 0 I‘(i+1).t_“(x) 0
where i = BO.BE) +1,m, . e .
Ptﬁ(t) = ATV(2+1)x(n+1)AF17 and 0 0 0 r(n+1)x— @)
rn+1-a(x))
Vi nxmer) = (27)
0 0
: : The fractional-order differential operator matrix P“(x)
0 rge)+1)e=FO 0 0 is:
r(B®+1-p®)
E H Pa(x) —
. ra+1eA® 0 0 0 0
0 0 r(i+1-B(®)) 0 : : : : : : :
: : 0 0 0 0
0 0 0 rn+1)tFO® S, (a(x),0) Sy(a(x), a(x)) - 0 0
r(n+1-p()) : : : : :
S,(i,0) So (i, a(x)) S,(i, i) - 0
(24) : : : :
L S,(n,0) Se(n, a(x)) S,(n,i) S,(n,n)l
The fractional-order differential operator matrix Ptﬁ 2 (28)
is:
T Ty Tod T (2
B(6) (2) (Ax7) "(n+1)><( +1)AX Ce(t)+e" (=)
N T . 0 e o - o (AX Viat1)xnBX) TC® (0)+91 (u,0) = f1 (x,1),
S S T @ Vot iy ATFAT T2 (0) + 87 (2)
Sp(B(£),0) Sp(B®), 1)) - 0 0 ‘(n+1)><nB ® (t) + g2 (u,v) = f2 (z,1),
: : : : : \ (29)
Sp(i,0) Sp(L, () Sg(i,i) =+ 0
: : : - : Egs. (20), (21), (27) and (28) are substituted into
L Sﬁ(n' 0) SB(n'ﬁ(t)) S[)’(nl l) Sﬁ(n!n)_ Eq (1)
(25) then the initial conditions and boundary conditions

The similar result can be obtained:

are converted into:

u(0,t) = dT(0)CP(t),u(x,0) = ®T(x)CP(0),

v(0,t) = ®T(0)KP(t),v(x, 0) = dT(x)KP(0). (30)
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Divide the variable order (x,z) by the points

: (2L (21 _
(J,‘.fj) = .\ m 8 <m>) (121’2,...,]\]7

j=12---,N) in Egs. (29) and (30). We can get the
coefficients matrices C and K by using Matlab, so
that the approximate solutions of u(x,r) and v(x,r) can
be found.

4. ERROR CORRECTION

In this section, the error analysis of the approxi-
mate solutions for the considered system of variable-
order fractional partial differential equations is carried
out based on the shifted Chebyshev polynomials. First,
with the aid of the residual functions and the error
functions, the estimation errors for approximate
solutions are obtained. Then, the approximate error
functions are considered to correct the approximate
solutions. Finally, we obtain the correction solutions
and improve the accuracy of approximate solutions.

We consider the following sets of residual functions
R%(x,t) and R} (x, t):

Ry (x, ©) = Lun (x, )] + f1(x, 1), (31)
Ry (x,t) = Llva (x, O] + f2(x, 1), (32)

where u,(x,t), v,(x,t) are the approximate solutions,
and L[u,(x, t)] and L{v,(x, t)] are defined by:

alx )un(xt)
9xa(x)

+ Bun(xt)

Llun(x, )] =

and

+91(up, ), (33)

9B )vn(x t)

a n( t)
LIvn(x, O] = = g5+ =%~

+ g2(un,vn).  (34)

Then, L{u,(x,t)] and L[v,(x,t)]) can be expressed
as:

Llun(x, )] =
Ll (x, )] =

Define the following error functions:

Ry (x,t) — f1(x,0), (35)

Ry (x,t) = f>(x, t). (36)

e =ulxt) —u,(xt),ef =v(xt) —v,(x,t), (37)

where u(x,) and v(x,7) are the exact solutions of the
set of variable-order fractional partial differential
equations. Thus, the differential equations of the error
functions are obtained as follows:
Ley (x,t)] = Lu(z,t)] — L[u, (z,1)]
=0—fi(z, 1) — Ry (z,t) + f1 (z,1)
= —Ry(x,1), (38)

and
Lle; (x, t)] = —R7(x, t). (39)

Then, we obtain:

a(x) ,u
Llet(x, )] = T 4 9HED | g, (el ) =
_RY(x,0), (40)
aB® ey aey,
Lleg (x, )] = T—che0 4 20D 1 g (et ep) =
—RY(x,0), (41)

where e¥(x,t) and ef(x,t) can be approximated by
e;(x,t) and e; (x, t) using the algorithm proposed in the
previous section.

Therefore, the correct solutions can be obtained:

u (x,t) =u,(x,t) + e;(x,t),v'(x, t) = v, (x, t) +
ey (x,t). (42)

Furthermore, we can get:

E,(x,1) =e"(x,1)—e,(x,1)=ulx,r)—u'(x,r) 43
N S @)

E, (x1) =el(x1)—e(x1)=v(x,r)—v(x,1) 44
= (1), ()] (). e

where E,(x,t) and E,(x,t) are called correct error
functions.

5. NUMERICAL SIMULATION

In this section, we apply the proposed method to
solve three systems of variable-order fractional partial
differential equations.

Example 1 Let us consider the following system of
partial differential equations with variable-order
fractional derivatives:

1+cosx
{a 3 u(xt) au(x t)

Tvcosx— T + (X t) ZU(X t) fl(x; t);
{ e (45)
T332+ 250 4 2u, 1) — v(x ) = fo(0 1),
at' s

with the following initial and boundary conditions on
[0,2] x [0,3]:

u(x,0) =10x(1 —x),u(0,t) = 0,v(x,0) =
0,v(0,t) = 10t(t — 1), (46)

where
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2—cosx

o , - ) . L
fi(x ) =10(1+¢) (1— Fp— R Fp— a a +1)
3 3

—20(1 +a)* (1 — 1),

33—t 88—t
5

t

fo () = 10(1 + 2)° (]‘ (¥) e (21’354) L3y 1)

—20(1+1)*(1—2)a.

(47)

The exact solutions of the equations are given by:

{u(x, t) =10x(1 —x)(1+ t)?, (48)

v(x,t) = 10t(1—t)(1 + x)2.

Taking t = 1.5, the approximate and exact solutions
are given in Figure 2. Figure 3 shows the absolute
errors between approximate and exact solutions on
[0,2][0,3]. Absolute errors and correct errors are
presented at different times in Figure 4 to 5.

—#— Approximate Solution
= = Exact Solution

ufx,t)

=100

-150

From Figure 2 and 3, we can conclude that the
approximate solutions of the system converge to the
exact solutions very well. Figure 4 to 5 also show that
the correct errors are smaller.

Example 2 Let us consider the following set of
variable order fractional partial differential equations:

x—1
{ 93 ;L—()f't) + aua(i’t) —ulx,t) = fi(xt),

{ e (49)
aJ

5 v(xt) | dv(xt)
[ 11:)+); + 1762: - U(X, t) = fZ(x: t);
5

at

subject to the initial and boundary conditions on
[0,3] x [0,4]:

u(x,0) = 5x(x?—1),u(0,t) = 0,v(x,0) =
0,v(0,t) = 5t(t?>—1), (50)

- - Approximate Solution
-~ - = Exact Solution

Figure 2: Approximate and exact solutions for Example 1, when n=2 .

Absolute Error Of u(x,t)

Absolute Error Of v(x.t)

Figure 3: Absolute errors between approximate and exact solutions for Example 1, when n=2 .
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- x107 t=0.8 x101 t=1.6 x107 t=2.4

—e—absolute error| —e—absolute error| ¢ —e—absolute error
1 \- =correct error = =correct error 08 = =correct error
038 )
0.6
0.6
‘ 04
0.4
0.2 0.2
N S it e, vt (0 i - 0 =7
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 4: Absolute errors and correct errors of u(x,t) for Example 1, when n=2.

7 t=0.8 -9 =16 F t=2.4
2><'IO 12 x10 ‘ 2><10
absolute error absolute error absolute error
[ ~= =correct error 1 = =correct error | 4 = =correct error
1.57 15
0.8 1
1 0.6 1
0.4 1
05¢ 0.5
0.2 1
Qe 0 ey S g T Rk SR S S
0 05 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 5: Absolute errors and correct errors of v(x,t) for Example 1, when n=2.

250 90
~—3¥— Approximate Solution /
200 = = Exact Solution 80 //
/
70
150 s
/
= = 60 7
2100 3 -
] > 59 P d
-
50
40 o
0 30t—e—2 = Approximate Solution
=~ = Exact Solution
-50 20 B E =
0 05 1 15 2 25 3 0 05 1 15 2 25 3
X X

Figure 6: Approximate and exact solutions for Example 2, when n=3.

where The exact solutions for the set of equations are:
10 is {u(x, O =x(?=1D(E+t*+1t%), (52)
fiay=| -2 : 1 v(x, t) = t(t2 — 1)(5 + x% + x3).

3 T
r (]3.—7) ( )
Figure 6 presents the approximate and exact

x5+ +88) — 5+ +¢%) (2 —2), 'gu P pproxi X

solutions at t = 2. The absolute errors and correct

6{@ f% errors for some nodes on [0,3] x [0,4] are shown in
fa(zt) = ety ~ 77 ey P Figure 7 to 9. The absolute errors and correct errors
r (f) r (74 ) with n=3, n=4, n=5 at t=0816243.6 are

x (5422 +2%) — (5422 +2°) (1 —1). (51) computed in Table 1.
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Absolute Error Of u(x,t) Absolute Error Of v(x.t)

%1077
1.5

Figure 7: Absolute errors between approximate and exact solutions for Example 2, when n=3.

L t=0.9 i t=1.8
e [ : . 5 x10 ‘
—e—absolute error| o —e—absolute error
— —correct error - =correct error
1.5 1
1 L
1
0.5¢1
0.5
L L
e 0 = >
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 2.5 3
X X
k t=2.7 il t=3.6
4 x10 12 x10
—e—absolute error| s —e—absolute error
- =correct error 1r - —correct error | #
3 + 4
0.8
2 0.6
0.4
1 L
1 0.21
s s o ss s T ST e e P IEE R R E R RS SRSl
0 0.5 1 1:5 2 2.5 3 0 0.5 1 1.5 2 25 3
X X

Figure 8: Absolute errors and correct errors of u(x,t) for Example 2, when n=3..

Figure 6 shows that the approximate solutions 3“(")01:(S§¢) D 4 6) + v(x, ) = fL(00),
approach to the exact solutions. It is obvious from aﬁf’(f)v(xt) avi’;t) (53)
Figure 7 to 9 and Table 1 that the absolute errors and — g0 T tulnt) —v(xt) = fL(xt),
correct errors can be reduced by increasing the values
of n. with the initial conditions and boundary conditions

u(x,0) =u(0,t) =0, v(x,0)=v(0,t)=0 on [0,2] x
Example 3 Consider the following equations: [0,3], where
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<107 t=0.9
5 10 C
1 absolute error
4 1- ~correct error
3
2
q
O i e = e = = o e -
0 0.5 1 1.5 2 2.5
X
10° t=2.7
1
absolute error
08 = =correct error
0.6
04
0.2
1
0 0.5 1 1.5 2 2.5

<1077 t=1.8

absolute error
= =correct error

absolute error| |
1 = =correct error |/

0.8
0.6

0.4

Figure 9: Absolute errors and correct errors of v(x,t) for Example 2, when n=73.

Table 1: The Comparisons between Absolute Errors ¢, (x,t), e, (x,t) and Correct Errors ez (x, t), e: (x,t) for Example 2

n=3 n=4 n=>5
1 e et et e aten et [ e e [aten [ewn [t @)
0.8 | 0.6 | 1.02e-07|4.07e-10 | 9.35e-09| 4.11e-09 | 1.82e-08| 6.25¢-10 | 3.45¢-09| 2.37e-10 | 2.27e-11 | 4.11e-12 | 1.72e-09 | 1.16€-09
1.8 | 1.18e-07|3.67e-09 | 1.99e-09| 8.09¢-09 | 1.99e-08 | 2.19e-09 | 6.79e-09| 4.64e-10 | 9.68e-11 | 1.82e-11 | 3.48e-09 | 2.29¢-09
2.7 | 4.02¢-08|8.99e-10 | 4.73e-08| 1.12e-08 | 1.51e-09 | 1.31e-12 | 9.44e-09| 6.49e-10 | 2.22e-10 | 5.67e-12 | 4.90e-09 | 3.17e-09
1.6 0.6 | 1.39¢-07 | 5.35¢-10 | 1.83e-08 | 1.62e-10 | 2.37¢-08 | 8.60e-10 | 5.04e-10 | 2.98e-11 | 5.74e-11 | 5.66e-12 | 2.18e-10 | 9.38¢-10
1.8 | 1.58e-07|4.95e-09 | 3.73e-08| 3.72e-10| 2.73e-08 | 2.96e-09 | 8.39¢-10| 5.94e-11| 5.37e-11 | 2.51e-11 | 4.26e-09 | 1.85¢-09
2.7 | 5.48¢-08|1.23e-09 | 5.17e-08 | 5.59e-10 | 1.44e-09 | 2.06e-11 | 1.04e-09 | 8.57e-11 | 3.30e-10 | 7.79e-12 | 5.83e-09 | 2.56e-09
24 | 06 | 1.77e-07 | 6.61e-10 | 3.32¢-08 | 5.33e¢-09 | 2.96e-08 | 1.10e-09 | 2.55¢-09 | 1.22e-10 | 9.37e-11 | 7.20e-12 | 4.78e-09 | 2.05¢-09
1.8 |2.01e-07 |6.31e-09 | 6.53e-08 | 1.05¢-08 | 3.52e-08 | 3.77e-09 | 3.41e-09 | 2.45e-10 | 8.92e-12 | 3.19e-11 | 9.92e-09 | 4.05¢-09
2.7 |6.97e-08 | 1.60e-09 | 9.18e-08 | 1.46e-08 | 9.11e-10 | 8.19e-11 | 7.69e-09 | 3.44e-10 | 4.45e-10 | 9.97e-12 | 1.41e-09 | 5.60e-09
3.6 0.6 | 2.54e-07 | 9.30e-10 | 7.43¢-09 | 1.74e-09 | 4.17¢-08 | 1.56e-09 | 1.64e-10 | 2.92e-12 | 1.72e-10 | 1.03e-11 | 4.57¢-10 | 4.48¢-10
1.8 |2.89e-07 |9.09e-09 | 1.25¢-08 | 3.51e-09 | 5.16e-08 | 5.41e-09 | 1.88e-09 | 1.19e-11 | 4.61e-11 | 4.61e-11 | 8.79e-09 | 8.87e-10
2.7 |1.01e-07 | 2.26e-09 | 1.58e-08 | 4.88e-09 | 5.52e-10 | 1.68e-10 | 3.88e-11 | 4.54e-12 | 1.48e-11 | 1.48e-11 | 1.21e-09 | 1.20e-09
0, 5 5 The exact solutions of the equations for a(x) = g
filat) =t ]‘(g,;,-) - ]‘(()7') 1| +at(z+t), O 22 are:
3
{u(x, t) =xt(x—1), (55)
o 55 At v(x, t) = xt(t — 1).

folz,t) =2 TN T s ! +at(z—t+2) _ .
1( I ) [(T) (54) F!gure 10_preseqts the approximate and exact
solutions at t = 1.5. Figure 11 to 13 show the absolute
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Figure 10: Approximate and exact solutions for Example 3, when n=2.
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Figure 11: Absolute errors between approximate and exact solutions for Example 3, when n=2.
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Figure 12: Absolute errors and correct errors of u(x,t) for Example 3, when n=2.

errors and correct errors for some values of t =
0.8,1.6,2.4 with n = 2. The absolute errors and correct
errors forn = 3 are shown in Figure 14 and 15.

From Figure 10 to 15, we can obtain that the
approximate and correct solutions agree with the exact
solutions.

6. CONCLUSIONS

In this paper, an efficient numerical algorithm was
presented based on the combination of shifted

Chebyshev polynomials and variable-order fractional
differential properties. It was applied to solve a set of
variable-order fractional partial differential equations.
And the relevant theoretical knowledge of error
correction was proposed. In fact, we transformed the
original equation sets into the products of some
matrices, then used Matlab to solve the problem. The
errors of approximate results were corrected so that the
absolute errors can be reduced. Finally, three
numerical examples were presented to illustrate the
efficiency of the proposed method. Only small values of
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Figure 13: Absolute errors and correct errors of v(x,t) for Example 3, when n=2.

Absolute Error Of u(x,t) Absolute Error Of v(x,t)

Figure 14: Absolute errors between approximate and exact solutions for Example 3, when n=3.

Correct Errors Of u(x,t) Correct Errors Of v(x,t)

Figure 15: Correct errors between approximate and exact solutions for Example 3, when n=3.
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