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Abstract: This paper studies the spatial behavior of the steady state vibrations in a cylinder made of a dual-phase-lag
anisotropic rigid conductor material. We analyze the influence of the lagging model upon the spatial behavior of the
amplitude of vibration along the axis of the cylinder, providing the explicit expressions of the decay rate and of the
corresponding critical frequency in terms of the coefficients of the considered constitutive equation (or delay times). In
fact, for the amplitude of the harmonic vibrations we obtain some exponential decay estimates of Saint-Venant type,
provided the frequency of vibration is lower than a critical value. This gives information on the thermal penetration depth
of the steady state vibrations describing the heat affected zone. lllustrative examples are given for the class of lagging

behavior models that are thermodynamically compatible.
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1. INTRODUCTION

The physical foundation and microscale heat-
transfer mathematical models, describing the lagging
response in times comparable to the phase lags
characterizing the microstructural interactions, have
been presented in a series of papers by Tzou [1-4].
The refined structure of the lagging response is
depicted by means of the high-order effects in
correlation with the heat-transfer models in
micro/nanoscale (like the systems with multiple energy
carriers, including the bioheat transfer and mass
interdifussion) in [3]. It is discussed in [4] the concept of
thermal penetration depth for transient processes
which limits the heat-affected zone as a finite domain.
The heat-affected zone grows in the transient process
of heat transport. The way in which the heat-affected
zone enlarges in the time-history, however, is an
unknown to be determined. A study on this question
can be found in the paper by Chirita [5].

Throughout this paper we assume that the supply
terms are absent and, according with the lagging
behavior models, we further consider the basic energy
equation

g, (x.0) = a(x)%—f(x,n, (1)

coupled with the following constitutive equation
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dq. d"q.
aq,(x.0+ a %(x,t)+...+a" at‘j (x.)
a]-:/ ! N
= —k@/_(x) bOTM/(x,t)+b17(x,t)+...+bm W (x,?) |.

(2)

Here g, are the components of the heat flux vector, 7,
represents the gradient of the temperature variation, a
is the specific heat and k, is the conductivity tensor
and a,, a, .., a and b, b, .. b are real
parameters. Concerning this last constitutive equation
we note that when

1 1,
a, =1, alzﬁrq, s an:—'rq,

L ? (3)
bO = 1, bl :1—!TT, ceey bm :;!T;n,

we recover the constitutive equation proposed by Tzou
[11-[4], namely,

ql_(X,t)+%Tq%(x,t)+...+lr"ﬁ(x,t)
1 oT, 1,97,
:—kij(x) T,j(x’t)"'l_!fr at’" (X,t)+...+%TT at""l (x,t) ,

(4)
where 7 >0 and 7, 20 are the delay times.

The spatial behavior of the transient solutions of the
mathematical model based on the equations (1) and (2)
was studied by Chirita [5] and Chirita et al. [6],
describing the depth of thermal penetration. In fact, it
was established in [5] an influence domain result when
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m=nz=xl, while for m=n there have been established
some exponential decay estimates of the Saint-Venant
type. These results have been established without
requiring any restriction on the delay times other than
the positivity of the product between the coefficients of
the time derivatives of greatest order. These results
offer information on the depth of thermal penetration of
a transient process in the dual-phase-lag model of heat
transfer.

The present paper aims to provide, through the use
of the lagging behavior model described by the
constitutive equation (2), a qualitative mathematical
analysis of the problem concerning the penetration
depth of a time harmonic thermal signal in an
anisotropic and inhomogeneous rigid conductor. Thus,
we consider a cylindrical domain filled by an anisotropic
and inhomogeneous lagging behavior rigid conductor
material and we assume that its lower base is
subjected to a specific harmonic in time vibration. As it
is known (see e. g. [7]-[10]) this is able to prove a
steady state solution. Some characteristics of this
steady state solution can be investigated by studying
the spatial behavior of its amplitude with respect to the
distance to the excited base of the cylinder. Such an
investigation seems to be particularly interesting in
view of the study of the nonlinear effects of thermal

lagging (in terms of the high-order effects of 7, and
T, ) and also in view of the fact that (see [4], page 442)

as the various orders of T, and 7, are gradually taken

into account, which may result from increasing the
number of carriers corresponding to higher-order

effects in 7 and 7, . Moreover, when thermal lagging
q

behaviors (the diffusive behavior and the wave-like
behavior) are activated the spatial decay and the
critical frequency values are affected. This contribution
aims therefore to give information on the behavior of
the amplitude of the steady state vibration and implicitly
on the thermal penetration depth within the cylinder. In
this connection we are able to introduce an appropriate
functional associated with the amplitude in concern and
to establish some exponential decay estimates in terms
of the amplitude vibration, provided the frequency of
vibration is lower than a critical value. The decay rate
and the critical frequency are explicitly presented for
the lagging behavior model based on the constitutive
equation (4) when the values of approximation orders
(n,m) make it compatible with the Second Law of

Thermodynamics.

We have to outline that the corresponding studies
for the classical elastic and thermoelastic theories have
been carried out in [7-13]. It is established there that,
for appropriate values of the frequency of the harmonic
excitation and by using some differential inequalities,

the spatial decay of effects with distance from the
excited end of the right cylinder is described by some
exponential decay estimates of Saint Venant type.

2. STEADY-STATE HARMONIC VIBRATIONS

Throughout this paper we assume that the cylinder
C=Dx(0,L) is made of a rigid conductor material with

the lagging behavior and we suppose that the
conductivity tensor is positive definite. We denote by

D_ the plane cross-section at distance x, from the
x :

base of the cylinder, assuming it sufficiently smooth to
allow the application of the divergence theorem:;

moreover, with C_ we denote the portion of cylinder
3

between the cross-sections D_ and D, . The cylinder
"3

is free of heat supply and it is thermally insulated on its
lateral surface and on the end situated in the plane

x,=L. The cylinder is subjected to a harmonic

perturbation on its base x, =0 of the form
T(x,,x,,0,0) = h(x,,x,)e"”", (x,,x,)€ D, t>0, (5)

where w>0 is the frequency of perturbation and
i:\/—_l is the imaginary unit and h(x,x,) is a

prescribed smooth function. Then inside of cylinder C
we will have the following harmonic vibration

{T,9,}(x,1)={6,0,} (x)e", (6)

where the amplitude {0,0 } of the vibration is a
solution of the boundary value problem defined by the
differential system

0 =-iwab, for all xeC, (7)

T

P, (i0)0, =-R, (i0)k,6,, for all xeC, (8)

with the boundary conditions

0(x)=0 on (aDXB x (O,L)) uD,, )
and
0(x,,x,,0) = h(x,x,), (x,x,)€D,. (10)

In the above relations we have used the following
notations

F:n) (10)) = a,ta

R (ia)) =

I(iw)+...+an(ico)",

(1)
b+ b (i) +..+ b, (io)" .
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We are interested into the spatial behavior of the
amplitude {6,Q }(x) of the harmonic in time vibration
{T,q.}(x,t), as defined by (6), along the axis of the
right cylinder.

3. Mathematical analysis of the spatial behavior of
the amplitude {6,0 }(x)

In order to study the spatial behavior of the
amplitude {6,0 }(x) we introduce the following
functional

M) =], [R,(i0)k6,0+R, (i0),0.6]d x

(m) >0,

3
3

(12)

where a superposed bar denotes complex conjugate.
Further, we note that the relations (8) and (12) imply

wes)= |, [7, )0+ 7, ()]s =>0. (19

and hence, by means of the divergence theorem and
the use of relations (7) and (9), we get

_ZTM(xQ :iw[l’(")(iw)—lin)(iw)MD 400da
3 S (14)

I, [B(i©)0.6. + P, ()06, |da.

x3

Moreover, by using the relation (8), we have

P, ()06, +E, (10)0,0, =-[ R, (i0)+ R, (i) |c,6,6.
(15)

so that, the relation (14) becomes

_%(xg) = iw[PEn) (iw)— P, (zw)] IDX a60da
3

+[R(m) (l(l)) + R(m) (l(l))] J.D krse,r e’sda'
x3
In view of the relation (11), we have

ia)[P(n) (iw)-P, (za))} =20’ (0), a7

R, (zw) +R, (zw) =2p,,,(®),
where

— 2 4 6
(W)= a-a,0 +a,0"—a,0" +..,

Py (@)= by —b,00* +b,0" —b° +....

Therefore, we have

a - -
- () =20 n(n)(w)ij a66da + 2p(m)(a))ij k,0,6.da.
3

3 3

(19)
At this stage we assume that

b >0. (20)

0

It can be easily seen that for appropriate small enough
values of @ we can make positive the following
quantity

P (@) = by = b,0* + b0 b 0" +.... (21)

In what follows we denote by @, >0 the greatest value
of @ so that

Py (@) >0, Jor all 0<w<aw,. (22)

Our analysis needs a discussion of the sign of the first
integral term in the right hand side of the relation (19)
and in this aim we consider the following cases: (i)

T, (©0)a<0 for appropriate small enough values of ®
and for all er, and (ii) T, (@)a>0 for appropriate
small enough values of @ and for all x e C.

A

Let us first consider the case (i) and we denote by
the greatest value of w so that

A —
T, (@0)a<0, for all 0<w<w, xeC. (23)

Consequently, from the relation (19), we deduce that

M -
_d—x%(x3) >2p,,,(@)] y, n0,0.da20. (24)

3

AN
forall 0 <@ <min{w,w:}.

Let us now consider the case (ii) and we denote by
the greatest value of w so that

x,,(@a>0, for all 0<o<w, xeC. (25)

Furthermore, in view of the lateral boundary condition
in (9), we have [14]
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[ 6,6uda>A[ 66da, (26) n
Doy Py o()=p, (0) for all 0<o<min{w, o}, (33)
where A is the lowest eigenvalue in the two- for the case (i), while
dimensional clamped membrane problem for the cross
section D_ . ~ o
3 o(@)=y(w) for all 0<o<min{®, 0,0}, (34)

Now, if we use the estimate (26) into relation (19), we
deduce that

dM max
_E(xs)zz[p(m)(w)— P n(”)(w)JI k.6,6.da,

3

min

(27)

where «a is the

max

=sup5|a| and x

min

=infck,, and k,
lowest eigenvalue of the conductivity tensor £ .
Further, we note that the relation (18) implies

b 4 —max mm b 4 —max mar w4
[ Ak, min j ( lem 3J

Py (@) = Sne g 7, (@)= b~

b 4 —max mm 0)6+...
Ak ’

(28)
and hence we can choose w =, so that
Py (@)= /{z’:m T, (@)>0 for all 0<®<min{o,o,o:}.
(29)
Concluding, for the case (ii) we have
dM -
_d_x}(%) >2y(@)| Dﬁkme,,e,sda, (30)
where
V@)= p,, (@) - 2@, (@) for 0<o<min{o,o,0:}.

AK

(31)
With such a choice for y(w) as in (31) and by an

integration with respect to x, variable over [x,,L], and

the use of the end boundary condition (9) into relations
(24) and (30), we obtain

M(x,)220(0)[ k.0,6.dv>0, (32)

3

recalling that C_ = Dx(x,,L). In the above relation we
3

have used

for the case (ii).

On the other side, by means of the Cauchy-Schwarz
and the arithmetic-geometric mean inequalities, from
the relation (13) we obtain

IZES YN

3

{ P, (i0)Q,P, (i0)Q, + 99} (35)

for every £>0. Furthermore, by means of relation (8),
we have

R (@)0,P, (i@)0,= [R, ()R, (©)](k06.k,0.)
<[ R, ()R, (©)|(k.k,)(6,6.)
(36)

By combining the relations (26), (35) and (36), we
obtain

|M(x)|< j (sa+a]9 6.,da, (37)
where
(@) =R, (i0)R, (io) Sup(k3sk3s)' (38)

At this instant we choose the parameter £ so that

1
eQo=— & £=—— (39)
and hence the relation (37) becomes

|M(x3)|SKi\/% [ k0.6.da, forall @>0. (40)
3

min

Concluding, from the relations (24), (30), (32) and (40),
we obtain the first-order differential inequality

M(x,)+ v(w)c;—M <0, for all x,€(0,L), (41)
x3

where

) e—— L (42)

o(w)x . A

min
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When integrated, the differential
furnishes the estimate

inequality (41)

X,

3

0< M(x,)< M©O)e ", for all x,e(0,L), (43)

that expresses the exponential decay of the amplitude
10,0 } with respect to the distance x, at the loaded

base.
Thus, we have the following theorem.

Theorem 1 Suppose that k, is a positive definite
tensor and the hypothesis (20) holds true. Then the
spatial behavior of the amplitude 1{6,0} of the
harmonic vibration (6) is described as follows:

(i) when the relation (23) is true we have the
following exponential decay estimate

3

0< M(x,) < M(©0)e "

, Jor all x,€(0,L), (44)

for all @ lower than the critical value @,, as defined by

A

o, =min{o o} (45)
and

_ 1 o(w)
v, () o @x \ 1 (46)

(i) when the relation (25) holds true we have the
following exponential decay estimate

3

0< M(x,) < M(0)e "

, Jor all x,€(0,L), (47)
for all @ lower than the critical value @,, as defined by

a)c2 = min{wo,w1,wz} (48)
and

_ 1 a(w)
O R (49)

Remark 1 We note that the hypothesis (20) is
identically verified for the constitutive equation (4).

Remark 2 A less accurate description of the

exponentially decay phenomenon in question may be
obtained using the inequality (26) into relation (19) in
order to deduce that

M -
_d_x}(%) > 2¢(w)ij3kmeJ, 0.da, (50)
where

— (lrwax 2
0@)=p,, (©) =50’ |z, ()] (51)

min

Further, we note that the relation (18) implies

9() > b, - [bz g |j o + [b4 - g |J o'
Kmin K‘min (5 2 )

—| b 4 L a,| |0 +
e,

min

and let us denote by " the greatest value of @ so
that

9() = p,, (@)~ 20|z, (@)|>0 for all 0<w<w"
" AK (m

min

(53)

When we couple the relations (40) and (50) we are
lead to the counterpart of the estimates (44) and (47),
namely

3

0< M(x)< M©O)e ", for all x,e(0,L), (54)

where now the critical frequency is estimated as

o’ =min{o,o}, (55)
and

oo 1 a(w)
v (o) —‘P(w)’fmm - (56)
4 EXAMPLES

As an illustrative example we consider here the
Tzou model described by the constitutive equation (4)
and discussed within the thermomechanical
compatibility analysis developed by Chirita et al. [15] for
n<4 and m<4. So in what follows we will indicate the
decay rate and the critical frequency for the constitutive
equation (4) when
(n,m) €{(0,0),(1,1),(2,2),(3,3),(4,4),(1,0),(2,1),
(3,2),(4,3)} . The values (m,n) €{(0,1),(1,2),(2,3),(3,4)}
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can be treated in a similar way by using the idea
expressed in Chirita et al. [15].

() The case (n,m)=(0,0): The decay estimates
(44) and (54) hold true for any @ >0 with

1

7

for indefinite sign of the constitutive coefficient a .

V(@) =v(0)=

s%p(kkkgs)- (57)

min

() The case (n,m)=(1,0): When a<0 in C the
decay estimate (44) holds true for any w>0 with

vl(w)—ﬁ% sup(k, k.. ). (58)

min

while when @>0 in C the decay estimate (47) holds
true with

v, (@)= k), (59)

and the critical frequency

Ak
— Kmm . (60)

c2
a
q  max

We have to outline that the estimate (54) holds true
with vi(w)=v,(®) and 0’ =w, .

() The case (n,m)e{(1,1),(2,1)}: When a<0,
then the decay estimate (44) holds true for all @ >0
with

1

o

while when a>0 the decay estimate (47) holds true
with

V()=

\/(1+T;w2)sgp(k3sk3s), (61)

min

v, (@)=

;wz\/(lﬂiwz)sup(kzsk}.,), (62)
\/ZKW (1—2J ¢

(O]

¢

for the critical frequency

//'L .
wd: h (63)
Tqamax

We have to outline that the estimate (54) holds true

with v'(w)=v,(®) and 0’ =w, .

(IV) The case (n,m)=(2,2): In the case when
a <0, the decay estimate (44) holds true with

1 1
v, (@)= —z\/ [1 0" Jsup(ksskss ). (84)
\/IKm[n [1 - wj ‘

wZ

cl

for the critical frequency

e
I

ﬂ|§|
S

(65)

While when a >0 the decay estimate (47) holds true
with

1

v,(0)= —2\/ (1 + ifiw“ Jsup(ksx’%x)ﬂ (66)
ﬁ[le ‘

2

wc2

for the critical frequency

o =——1 (67)

11_2 + Tqamax
2 ! lein

We have to outline that the estimate (54) holds true
with vi(w)=v,(®) and 0’ =w, .

(V) The case (n,m)=(3,2): When a <0 then the
decay estimate (44) holds true with

V(@)= — J(Hiriw“]sup(k}skh): (69)
\/ZKmin (1 - 712(02 J ‘

T

and the critical frequency is estimated as

®, =min {é,ﬁ} (69)

T, Tq

While when a>0 then the estimate (47) holds true

with
1 4 4
\/(1 + Z‘L'Tw ]sup(k&ck%)
< (70)

3 s
1 a T a T
’).«K ) 1_ 71.2 + max " q a)2+ max " q C04
"”{ [2 Tk ] 62K,

v,(0) =

min
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and the critical frequency is estimated as

®_ =miny—,—,®> ¢, (71)

where ., is the smallest positive root of the algebraic
equation

27 Ak 6AK,

min n

3
1 a 7T a T
1 _ [i___772 + max ~ q j](l)z + max ~ q (1)4 — (). (77:2)

The decay estimate (54) holds true with

\/(1 + iriw“ jsup(ksskas )
C

a, 1 ’
Jax .n|:1—112a)2 -l g? l—érijH

" 27 Ax
and the critical frequency is estimated as

V()= (73)

min

T

a): = min {ﬁ,w*}, (74)
where o is the smallest positive root of the algebraic
equation

1- lrzwz
(3 q

1 2 2 max/rq 2
1—ETT60 —Tw
K

min

= 0. (75)

(VI) The case (n,m)e{(3,3),(4,3)}: When a<0
then the decay estimate (44) holds true with

2 2
1 1
\]Kl - ZT;G)ZJ +0°T; [1 - 6r§a)2J :lsup(khkh)
C

\/ZKmin [1 - ;TiwzJ

v(w)= , (76)

and the critical frequency is estimated as

®, =min {ﬁ,ﬁ}, (77)

T, Tq

while when a <0 then the decay estimate (47) holds
true with

2 2
1 1
\/Kl - ET;C"Z J +0’T) (1 - griwz ] ]sup(khkh)
C

5
1 2 amtn'Tq 2 amaxT: 4
Vi |1-| =12+ "1 lo® + w

27 Ak,

v,(@) =

and the critical frequency is estimated as

®_ =miny—,—,®> ¢, (79)

where ., is the smallest positive root of the algebraic
equation

6K .

n

3
1 a T a T
1_[57;_{_ ):r;:v q]wz_l_ max ~ q C04 :0. (80)

2 2
\/Kl - ;r;wzJ +0’t] [1 - %Tiwz J ]sup(khkh)
c

min

 (81)

and the critical frequency is estimated as

a): =min {g,w*}, (82)

T

where o’ is the smallest positive root of the algebraic
equation

1- lrzwz
(3 q

czrnax/rq 2

lkw

min

1—%1?&)2 - =0. (83)

(VIl) The case (n,m)=(4,4): In the case when
a <0 then the decay estimate (44) holds true with

2 2
1 1 1
1- —7w? +r4a)4] + w12 (l—rzwzj sup(k, k.
\/I:( 9T 24T T 67 2 ( 3s 3.\)

v(w)= " " ,
\/Ilcmm(l—zrrw +§1Tw )
(84)
and the critical frequency is estimated as
@, = min ﬁ,—w_\/E . (85)
T, T,

When a >0 then the decay estimate (47) holds true

with
1—112w2+i1“w“ 2+a)2r2 1= Lpg 2 su (k k )
o 'r 24T T 6T ?p 35735 (86)
v, ()=

2 B 3
1 a T 1 a T

NAK | 1—-| =12 + 224\ ? +| —7 + 2 4 | p?
" |: [2 ! AKmm ] 247 611('””.”




8 Journal of Advanced Thermal Science Research, 2019, Vol. 6

Stan et al.

and the critical frequency is estimated as

J6 Ve-+12 -
_?—9 2 9
T T

q T

® , = min
c2

where @, is the smallest positive root of the algebraic
equation

3
1 amtle l amthT
1- ET;-’-),K‘—‘] (O2+ QT;-FMT‘I CO4 =0. (88)

min min

Remark 3 It has to be outlined that the classical
Fourier law of heat conduction (that is the case
(n,m)=(0,0)) imposes no critical limit upon the
frequency of vibration in concern. Instead, when the
genuine lagging behavior is considered, as it can be
seen from the above examples, a critical frequency
there seems to be imposed in order to establish the
exponential decay estimates.

CONCLUDING DISCUSSIONS

Theorem 1 (by the estimates (44) and (47)) and
Remark 2 (by the estimate (54)) describe some Saint
Venant effects for the steady state solution (6) of the
general thermal lagging model based on the
fundamental equations (1) and (2), provided the
frequency is lower than a prescribed critical value as
given, correspondingly, by the relations (45), (48) and
(55) and under the only assumption that 5 >0. At first

glance we can observe the existence of a critical
frequency limiting the class of the steady state
vibrations endeavoured with the Saint Venant effects,
in contrast with the classical Fourier model of heat
conduction where such limiting frequency is absent
(see the item (I) of the above section).

On the other side the spatial behavior of the
transient solutions, for the model in concern, was
established by Chirita [5]. It was shown there that (a)
for n=m+1 there was established an influence
domain result (the corresponding constitutive equation
describes the wave behavior), while (b) for n=m there
was established some exponential decay estimates of
the Saint-Venant type (the corresponding constitutive
equation describes the diffusive behavior), without any
restriction on the coefficients of the constitutive

equation (2) other than a b > 0. Instead for the steady

state solutions the spatial behavior is established in the
present paper under the only hypothesis that 5, is

positive.

Going further to the examples presented in the
above section, we have to outline that our analysis

points out the following aspects:

(i) the spatial behavior of the steady state solutions
within the Fourier model is established without any
restriction upon the sign of the coefficient a and
without any critical frequency;

(ii) for the Maxwell-Cattaneo model (characterized
by the delay time T, ), the study of the spatial behavior

of the steady state solutions introduces a critical
frequency depending on the time delay when a>0,
while when a <0 the existence of the critical frequency
is superfluous;

(iii) by increasing the orders of the delay time 7,

into the constitutive equation (4) results in a decreasing
in the spatial decaying rate;

(iv) by increasing the orders of the two delay times
7, and T, into the constitutive equation (4) results in

diminishing the values of the critical frequency for
which the corresponding spatial decay is established.

REFERENCES

[1] Tzou DY. A unified approach for heat conduction from macro
to micro-scales. Journal of Heat Transfer 1995; 117: 8-16.
https://doi.org/10.1115/1.2822329

[2] Tzou DY. The generalized lagging response in small-scale
and high-rate heating. International Journal of Heat and
Mass Transfer 1995; 38: 3231-3234.
https://doi.org/10.1016/0017-9310(95)00052-B

[3] Tzou DY. Experimental support for the lagging behavior in
heat propagation. Journal of Thermophysics and Heat
Transfer 1995; 9:686-693.
https://doi.org/10.2514/3.725

[4] Tzou DY. Macro-To Micro-Scale Heat Transfer: The Lagging
Behavior, Second Ed. John Wiley and Sons: Chichester
2015.

[5] Chiritd S. On high-order approximations for describing the
lagging behavior of heat conduction. Mathematics and
Mechanics of Solids.
https://doi.org/10.1177/1081286518758356

[6] Chirita S, Ciarletta M, Tibullo V. Qualitative properties of
solutions in the time differential dual-phase-lag model of heat
conduction. Applied Mathematical Modelling 2017; 50: 380-

393.
https://doi.org/10.1016/j.apm.2017.05.023
[7] Flavin JN, Knops RJ. Some spatial decay estimates in

continuum dynamics. Journal of Elasticity 1987; 17: 249-264.
https://doi.org/10.1007/BF00049455

[8] Flavin JN, Knops RJ, Payne LE. Decay estimates for the
constrained elastic cylinder of variable cross section.
Quarterly of Applied Mathematics 1989; 47: 325-350.
https://doi.org/10.1090/qam/998106

9] Flavin JN, Knops RJ, Payne LE. Energy bounds in dynamical
problems for a semi-infinite elastic beam. In: Eason G,
Ogden RW Eds. Elasticity: Mathematical methods and
applications. The lan N. Sneddon 70th Birthday Volume.
Chichester: Ellis Horwood Limited 1990; pp. 101-111.

[10] Chiritd S. Spatial decay estimates for solutions describing
harmonic vibrations in a thermoelastic cylinder. Journal of
Thermal Stresses 1995; 18: 421-436.




Spatial Behavior of the Steady State Vibrations in a Dual-Phase-Lag Rigid Conductor

Journal of Advanced Thermal Science Research, 2019, Vol. 6 9

(111

[12]

[13]

https://doi.org/10.1080/01495739508946311

Chirita S, Gales C, Ghiba ID. On spatial behavior of the
harmonic vibrations in Kelvin-Voigt materials. Journal of
Elasticity 2008; 93: 81-92.
https://doi.org/10.1007/s10659-008-9167-z

Gales C, Chirita S. On spatial behavior in linear
viscoelasticity. Quarterly of Applied Mathematics 2009; 67:
707-723.

https://doi.org/10.1090/S0033-569X-09-01149-0

Passarella F, Zampoli V. Spatial estimates for transient and
steady-state solutions in transversely isotropic plates of
Mindlin-type. European Journal of Mechanics A/Solids 2009;

[14]

[18]

28: 868-876.
https://doi.org/10.1016/j.euromechsol.2009.01.004

Flavin JN, Rionero S. Qualitative estimates for partial
differential equations: An introduction. CRC Press: Boca
Raton 1996.

Chirita S, Ciarletta M, Tibullo V. On the thermomechanic
consistency of the time differential dual-phase-lag models of
heat conduction. International Journal of Heat and Mass
Transfer 2017; 114: 277-285.
https://doi.org/10.1016/j.ijheatmasstransfer.2017.06.071

Received on 25-10-2018

DOI: http://dx.doi.org/10.15377/2409-5826.2019.06.1

© 2019 Stan et al.; Avanti Publishers.
This is an open access article licensed under the terms of the Creative Commons Attribution Non-Commercial License

(http://creativecommons.org/licenses/by-nc/3.0/), which permits unrestricted, non-commercial use, distribution and reproduction in any medium,
provided the work is properly cited.

Accepted on 02-01-2019

Published on 19-02-2018



